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Abstract 

The objectives of this study are to define the regional and local groundwater flow, and to give 
quantitative estimates of different dynamic parameters for Ranney wells in Belgrade Water 
Supply Center. To solve these tasks used the numerical tools to quantitatively model flow 
through porous saturated and unsaturated media. We used finite element (FE) modeling of 
underground water flow and developed specific algorithms for the Ranney wells representation. 
The unsaturated soil hydraulic properties are described for each finite element by applying our 
3D interpolation algorithm. Our software for pre- and post-processing Lizza is used, developed 
for easy modeling of complex engineering underground water flow problems with Ranney 
wells. The software FE package PAK-P is employed as the solver. This software can handle 
flow regions delineated by irregular boundaries. The flow region may be composed of 
nonuniform soils having an arbitrary degree of local anisotropy. Flow can occur in the vertical 
plane, the horizontal plane, or in a three dimensional region exhibiting radial symmetry about 
the vertical axis. Constant or time-varying prescribed head and flux boundaries can be handled, 
as well as boundaries controlled by atmospheric conditions. Soil surface boundary conditions 
may change during the simulation from prescribed flux to prescribed head type conditions (and 
vice versa). A seepage face boundary through which water leaves the saturated part of the flow 
domain can be modeled, and also free drainage boundary conditions. The results of simulation 
for some real engineering problems (Ranney well RB-8 in Belgrade Water Supply Center) are 
presented. 
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1. Introduction 

The goal of underground water flow analysis is determination of the field of flow potential 
(pressure) and the field of fluid velocity for given boundary conditions. In general, these 
physical fields are functions of time. For a fluid through porous medium in the domain of small 
velocities, Darcy’s law is considered fundamental. On the basis of this law and continuity 
equation for fluid, the basic differential equation for stationary and non-stationary problems can 
be derived. Before computers, this differential equation was solved in analytical form for 
certain simple boundary conditions. 

Numerical solutions of fluid flow through porous media were firs based on the finite 
difference method. This method is not practical for complex boundary conditions and especially 
for 3D problems. However, with development of the finite element method (FEM), first in solid 
mechanics (structures), and with generalizations to general field problems, a large number of 
complex theoretical and practical problems were solved. Problems of fluid flow through porous 
media were among these field problems. Special procedures were developed for solving 
specific tasks related to underground water flow. 

In this paper, we focus on modeling Ranney wells using the finite element method. We 
present a number of specific procedures in modeling 3D problems with general boundary 
conditions, including variable material characteristics of porous media.  

1.1 Ranney wells. 

The Ranney wells consist, in general, of vertical concrete caisson, with depth between 20 and 
25 meters, and radius between 4 and 5 meters (Fig.1). In the lower part of caisson holes are 
drilled, usually eight, through which horizontal well screens are inserted into the aquifer. Well 
screens are perforated pipes, through which underground water enters the well. Length of well 
screens is usually 40 to 50 meters, and the radius is 0.2 m. 

 
Fig. 1. Model of Ranney well. 
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2. Theoretical background 

The basic quantity from which we start in fluid flow through porous medium is potential φ  
defined as [1] 

 p hφ
γ

= +  (1) 

where p is fluid pressure, γ – specific weight, and h is height in vertical direction measured with 
respect to a adopted reference plane. Fluid velocity q, also known as Darcy’s velocity, 
represents the fluid volume which passes in unit time through a unit area of porous medium.  
This velocity is related to the potential as 

 φ= − ∇q K  (2) 

where K is the diagonal permeability matrix. Then, the continuity equation for non-stationary 
conditions can be written as 

 
2 2 2

2 2 2x y zk k k Q S
tx y z

φ φ φ φ∂ ∂ ∂ ∂
+ + + =

∂∂ ∂ ∂
 (3) 

where xk , yk , zk  are coefficients of the matrix K,  Q  is the volumetric flux, and S is the 
storage. 

In the case of the existence of free surface, we have that the points for which the condition 

 hφ ≤  (4) 

is satisfied, the points are below or on the free surface. For points above the free surface we 
correct the permeability matrix, as  

 0
us= −K K K  (5) 

where the matrix 0K  is the matrix for points below the free surface, and 0
us α=K K , with the 

coefficient α <1 ( we use α =0.999). 

The balance equation for a (3D) finite element in case of incremental-iterative scheme (for 
non-stationary conditions with free surface) can be written as [2] 
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A

S dVφ φ= −∫S H H  (8) 

Here φH  is the interpolation matrix, tΔ  is time step, ( )e iφΔ is the vector of increments of nodal 

potentials. The vector ( 1)t t e i
φ

+Δ −f  depends on the solution from the previous iteration and 
volumetric and surface fluxes. The indices t+ tΔ  and „i“ indicate end of time step and iteration 
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counter within time step, respectively. For specific application in modeling of Ranney wells, 1D 
element has been developed, with the element matrix 

 
T

e
x

L

k dL
x x

φ
φφ

φ∂ ∂
=
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H

K  (9) 

2.1 Modeling well screens using 1D elements 

We use 1D elements to represent the screens. The screen is divided into screen segments where 
each segment is modeled by an axial 1D element. In order to perform this approximation 
without deviation from the continuity condition, we introduced radial 1D elements which 
represent connection between screen and porous medium modeled by 3D elements (Fig. 2).  

 
Fig. 2. A schematic representation of a well screen with axial and radial finite elements. 

The main task was to determine permeability of the radial 1D elements which take into 
account permeability of colmated layer, length of the axial 1D element and diameter of the 
screen. In order to achieve this, consider a well screen segment with the length pl  (Fig. 2). The 

relations between volumetric fluxes ( )j
dQ x  and ( )j

dQ x dx+  at a positions x  and x+dx of the 
screen segment “j” can be related as  

 ( ) ( ) ( )j j j
d d dQ x dx Q x dQ x+ − =  (10) 
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The flux increment ( )j
ddQ x  can further be expressed in the form  

 ( ) ( )j j j
d pdQ x v x dP=  (11) 

where j
pdP  is the elementary surface of the screen through which water is entering the screen, 

and ( )jv x  is the entering radial velocity. Next, we express the surface j
pdP  using the surface 

ratio j
pr  (area of holes divided by the total area of the screen segment surface), as 

 j j
p pdP d r dxπ=  (12) 

where d  is the screen diameter. Further, we have the relation 

 ( ) ( )j j j
d pdQ x d r v x dxπ=  (13) 

The following relationship follows from Darcy's law 

 ( ) ( ) ( )
( )

oj dj j
j

x
v x k x

x
ϕ ϕ

δ
−

=  (14) 

where ( )jk x  is the permeability of the surrounding filtration layer, which takes into account 

the conditions at the screen holes; ( )j xδ  is the thickness of the surrounding filtration layer 

affecting the flow within the screen segment; ( )oj xϕ  and dϕ  are potentials in the surrounding 
layer and inside the screen segment at the coordinate x . Then, from the above equations we 
obtain the flux through the screen segment as 

 
( )
( ) ( )( )

0

j
pl j

j j
d p oj dj

k x
Q d r x dx

x
π ϕ ϕ

δ
= −∫  (15) 

where j
pl  represents length of screen segment. 

Since the dimensions of the screen segment is small with respect to the whole flow region, 
we neglect change of ojϕ  with respect to the axial coordinate x and take  

 ( ) .oj ojx constϕ ϕ= =  (16) 

where ojϕ  is the potential in the screen segment surrounding. Therefore, for a screen “j” we can 
write the relation 

 ( ) ( )
( )0

j
pl j

j j
d p oj d j

k x
Q d r dx

x
π ϕ ϕ

δ
= − ∫  (17) 

Finally, we express the screen segment hidraulic resistance j
dR  using the relation 

 ( ) /j j
d oj d dQ Rϕ ϕ= −  (18) 

Comparing the last two equations we obtain that  
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( )
( )0

1/
j
pl j

j j
d p j

k x
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x
π

δ
= ∫  (19) 

The line integral of the ratio ( ) ( )/j jk x xδ  can be obtained as a sum of the integrals with 
partially constant ratios along the screen segment length. If this ratio is constant along the 
screen segment length, then the screen segment permeability can be obtained in a simple form  

 1/
j

j j j j
d p p j

kR d r lπ
δ

=  (20) 

2.2 Well model 

We model each screen by a number of line elements along the length and connect each of these 
screen nodes to the closest 3D mesh node using two radial 1D elements. First of them 
represents the surrounding filtration layer, and the second connects the first 1D element with the 
3D mesh. The axial 1D elements have a selected (high) permeabilities. Using Eq. (20) we 
obtain permeability of the radial element of the screen segment ’j’ as 

 
j

j j j
ss p p j

kk d r lπ
δ

=  (21) 

We use a non-structured mesh, and represent the well screens by 1D elements, which are 
inserted in the 3D mesh (Fig. 3). The non-structured mesh is obtained by Delauney 
triangulation, and further conversion of triangles to quads using Q-Morph algorithm. The 
quadrilateral mesh is refined in order to improve element quality and to avoid element 
degeneration.  

 
Fig. 3. Finite element model around Ranney well. 
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3. Results 

We modeled the well RB-8 near Sava lake (Belgrade Water Supply Center) assuming two 
configurations. First, with 3 screens (actual configuration), and the second - with 6 screens 
(possible configuration). Our global model includes porous medium on one side of Sava lake, 
with dimensions approximately 500 x 500 [m] in horizontal plane and with depth of 40 [m]. We 
considered steady flow conditions. The 3D FE model is generated by the preprocessor Lizza 
[3], based on the geological data.  

Boundary conditions consist of: impermeable bottom plane and impermeable vertical 
surface bounding the model; the top surface of the model is the free surface. Also, we model 
river by a prescribed potential at the river-soil boundary, and also we prescribe the potential at 
the Belgrade boundary. There are 5 additional wells (D1-D5) which simulate the global flow 
conditions (Fig. 4).  

 
Fig. 4. Model of RB-8 Ranney well. 

The first objective was to calibrate the model of actual well with 3 screens (Fig 5) 
according to data obtained by measurement in the field. As the control values, we used data 
from seven piezometers and flow through each well screen. After that, we generated another 
model, with 6 screens (Fig 6), and compared these two well configurations.  
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Fig. 5. Well RB-8 with 3 screens (actual configuration). 

 
Fig. 6. Well RB-8 with 6 screens (assumed configuration). 
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Fig. 7. Comparison of flow through well and well screens in two different configurations. 

It can be noted from Fig. 7 that introducing (injecting) of three new well screens into 
existing Ranney well increases the total water flow through the well. However, this increase is 
not equal to the total flow rate of the three well screens in the actual configuration. This result 
can be explained by the fact that injection of new screens decreases flow rate in the existing 
screens. Decrease of flow rate in the existing screens is the consequence of a potential decrease 
in the well surrounding.  
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Fig. 8. Comparison of potentials along screen 2 obtained for two different well configurations 

(3 and 6 screens). 

In Fig. 8 we show distribution of the potential along screen "2" in the two configurations. It 
can be seen that potential along screen "2" is lower in the case when six screens are used than in 
the case when three screens are used. 
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4. Conclusion 

Increase of flow rate capacity of Ranney well by injecting new screens is the basic parameter in 
making decision about the optimal number of screens to be used. In this paper we have shown 
that our software (Lizza and PAK-P [3], [4]) can be useful in solving real engineering problems 
of underground water flow and in managing the water resources with Ranney wells. 
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