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Abstract 

In this work we address some of the present threats posed to engineering structures in putting 
them under extreme, transient loading conditions. The case which is studied in detail pertains to 
the terrorist attacks brought explosion and impact of large airplane on a massive structure, By 
using these case studies, we discuss the issues related to multi-scale modeling of inelastic 
damage mechanisms for massive structures, to time integration schemes in the presence multi-
scale content in time brought by a particular nature of loading and finally to model reduction 
seeking to provide an efficient and sufficiently reliable basis for parametric studies employed 
within the framework of a design procedure. Several numerical simulations are presented in 
order to further illustrate the proposed approaches. Concluding remarks are stated regarding the 
current and future research in this domain.  
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1. Introduction 

The present time challenge in fighting the man-made and natural hazards has brought about new 
issues in dealing with extreme transient conditions for engineering structures. The latter may 
concern on one side the permanently fixed structures, such as those built for energy source (e.g. 
nuclear power plants, dams) or the ones providing the storage of sensitive material (e.g. military 
installations) or the special structures found in transportation systems (e.g. bridges, tunnels), 
and on the other side the moving structures (such as trains, plains, ships or cars). A number of 
questions pertain to the problems of this kind from the viewpoint of structural integrity related 
to computer models of complex structures, a reliable representation of extreme loading 
conditions (which nowadays implies the need for solving a coupled problem) and uncertainty. 
In particular, we focus first and foremost on the first of those goals, which concerns the multi-
scale modeling of inelastic behavior of complex structures. The main advantage of the multi-
scale approach is in its by far the greatest capabilities to provide the basis for constructing a 
sufficiently predictive model. 

The risk of present time is very likely to increase (rather than decrease) the frequency or 
severe or extreme conditions for which a very few engineering structures have been built to 
sustain. The worst case accident in a nuclear power plant associated with a loss of cooling 
liquid is one such case study. In this kind of situation the demand on refined prediction 
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capabilities of the mechanics model will rise significantly, because we would need to know not 
only the usual information on 'extent' of cracking as defined by smeared models of plasticity or 
damage (see [19] or [18]), but we must also achieve a much more difficult goal of providing a 
sufficiently reliable information on crack spacing and opening, which is needed in order to 
compute the rate of leak. The model of this kind for predicting the detailed information in the 
fracture process of massive structure have been developed only recently, with applicability to 
metals [13] and concrete [2] or reinforced concrete [7]. The main characteristic of the models of 
this kind, presented in Section 2, concerns not only the original theoretical formulation, but also 
the finite element implementation. 

The present terrorist danger has brought yet another extreme loading condition in terms of 
an impact of a massive structure by a large airplane, for which very few engineering structures 
have been designed to sustain. From the standpoint of nonlinear analysis, the main difficulty in 
such a problem pertains to a significant high frequency content typical of impact phenomena, as 
well as a quite likely presence of extensive structural damage. The first goal of the development 
we carried out pertains to the models for predicting inelastic behavior and damage for both 
airplane and massive structure. Yet another goal is to examine different impact scenarios in 
trying to quantify any potential reserve that might exist in the given design of an engineering 
structure for taking on higher level of risk. The complementary goal also of great importance 
pertains to providing the best way of reducing the negative impact of high-risk situation that 
cannot be avoided, by resorting to a more sound design procedure. One such procedure is 
illustrated in Section 3 in application to airplane impact problem. 

Several representative numerical simulations are presented in Section 3 in order to further 
illustrate the performance of the nonlinear analysis and design procedures presented herein. 
Concluding remarks are stated in Section 4. 

2. Multi-scale modeling of inelastic behavior of complex structures 

When using the multi-scale modeling of inelastic behavior our main goal is provide a more 
reliable and overall better explanation of inelastic damage mechanisms. This kind of strategy 
has already proved successful in modeling inelastic material behavior by using standard three 
point bending tests [15] and [20], or other experiments with non-homogeneous stress state. One 
such experiment, carried out by Nooru-Mohamed at TU Delft on a double notched concrete 
specimen under non-proportional loading, was used as one of the most demanding tests in a 
recent benchmark contest organized by French National Electrical Power Company (EDF). This 
benchmark competition has demonstrated that none of the presently available anisotropic 
models for concrete is capable of providing a very good result. In fact, the best results are 
obtained subsequently by using the discrete model representing an assembly of cohesive forces 
[14] and [6] (see Figure 1). 



A. Ibrahimbegovic: Nonlinear Transient Analysis 

 

44

   
Fig. 1. Nooru-Mohamed experiment with non-proportional loading on double-notched concrete 

specimen: experimental vs. numerical results computed by discrete model. 

Although it is not conceivable to use such a refined discrete model throughout a complex 
structure, this kind of experience has still taught us something useful for constructing the 
predictive models for inelastic behavior of structures. First, the theoretical formulation with an 
ever-increasing number of internal variables is not enough, and we also need to examine the 
issue of choosing the finite element interpolations. The latter can pertain to either incompatible 
mode enhancement of strain field [13] or an assumed stress field enhancement [21]. Second, it 
is clearly advantageous to separate complexities and create a model as a building bloc where 
each mechanism is associated its own criterion of inelastic behavior. One such example of the 
anisotropic concrete damage model capable of representing both volumetric dissipation and 
surface dissipation is discussed next. 

The proposed model is constructed for dealing with massive structures. Indeed, massive 
structures often posses at the crack tip a fairly large "process zone" where damage develops, 
induced by the creation of micro-cracks, until the macro-crack forms due to the coalescence of 
some micro-cracks. The dissipation produced in the process-zone is far from being negligible 
with respect to the total dissipation and thus it has to be taken into account by exploiting a 
continuum damage model. 

We present a model capable of taking into account both the contribution of diffuse 
dissipative mechanisms (e.g. micro-cracks) accompanied by strain hardening as well as 
localized damage modes with strain softening effect. This is achieved by introducing 
displacement discontinuities coupled with a continuum damage mechanics model. The 
combination of the two types of dissipative mechanisms is taken into account by building 
adequate continuum model to describe diffuse dissipation and an adequate localized or discrete 
model to deal with the dissipation, which takes place in localized zones. The combined result of 
two dissipative mechanisms can also be interpreted as an alternative approach to constructing 
an anisotropic damage model to a number of only partially successfully works using only the 
classical continuum mechanics framework, where the macro-crack creation is guided by the 
micro-cracking phase. One can thus obtain not only a more robust implementation, but also a 
more reliable estimate of the final orientation of the macro-crack that follows the corresponding 
stress redistribution in the micro-cracking phase. Finally, we present a multi-surface discrete 
damage model taking into account the contribution of the localized dissipative mechanism, 
which accounts both for normal interface and tangential interface damage modes. Two 
mechanisms of continuum and discrete damage are then forced to operate in a coupled manner 
in each element [13]. We first present the theoretical formulation for both of them, with the bulk 
damage model and the discontinuity damage model, as well as their modifications induced by 
the introduction of a displacement discontinuity. The key points of the finite element 
implementation are then presented with particular developments dedicated to the necessary 
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modifications of the solution strategy [15] or [20] due to the introduction of a displacement 
discontinuity. 

The key point of the theoretical formulation is in reinterpretation of the strain field through 
introduction of a surface of displacement discontinuity, which will represent all localized 
dissipative mechanisms due to the apparition and development of localization zones. We further 
develop the modification introduced by this displacement discontinuity and present more 
precisely how to build each model associated to each dissipative mechanism. We consider a 
domain of influence Ώ which is split into two sub-domains by a surface of discontinuity Γ. The 
surface of discontinuity is characterized at each point by a unit normal vector, denoted as n, and 
a unit tangential vector, denoted as m. The discontinuous displacement field can then be written 
as: 

 ( ) ( ) ( ) ( ) ( )( ) ( ) 1 ;
, , ; :

0 ;
t t t H Hϕ

+

Γ Γ −

⎧ ∈Ω
= + − = ⎨

∈Ω⎩

x
u x u x u x x x

x
 (1) 

where HΓ is the Heaviside function and φ is the correction function which reduces to zero the 
discontinuity contribution outside of the domain of influence. The strain field can also be 
decomposed into a regular part and a singular part, the latter accompanying the Dirac-delta 
function δГ 

 ( ) ( ) ( ) ( ) ( )( ) ( ), ,
sst t t tϕ δΓ= + ∇ + ⊗ε x ε x x u u n x  (2) 

When considering a damage model, for which the strain-stress relation can be written by 
using the compliance tensor D 

 =ε Dσ  (3) 

the compliance D must be decomposed into a regular and a singular part 

 δΓ= +D D D  (4) 

The last two expressions ensure that the stress field will remain bounded and sufficiently 
smooth. 

The same kind of additive decomposition is introduced for all internal variables, with any 
of them having both a regular and a singular part. Each part of the decomposition is associated 
with a damage dissipative mechanism, with the regular part for the continuum damage model 
and the singular one for the discrete damage model. We present subsequently the chosen 
formulation of the two damage models, the continuum one, associated to the bulk material, and 
the discrete one, associated to the localization zone. The continuum damage model, which takes 
into account the apparition and development of micro-cracks in the process zone with a quasi-\-
homogeneous distribution, is considered as isotropic. The admissible stress domain is defined in 
terms of the damage function. The internal variables are the damage compliance denoted as D 
(with an initial value denoted as De equal to the inverse of the elasticity tensor De = C-1 and the 
variable associated to hardening denoted as ξ. The evolution equations for these internal 
variables are obtained by appealing to the principle of maximum damage dissipation. The main 
ingredients of the continuum damage model are summarized in Table 1. 
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 Table 1. Main ingredients of continuum damage model 

Discrete damage model is proposed to account for the dissipative behavior in the 
localization zones, corresponding to macro-cracks for damage materials. It is constructed in an 
equivalent manner to the continuum damage model, except for multi-surface format of the 
proposed damage criterion [2], which is needed in order to control separately the normal and 
tangential components of the traction along the surface of discontinuity. This kind of damage 
surface coupling provides the proper influence of the normal interface pressure upon the 
tangential sliding resistance, as well as the reduction of cohesive force due to lateral sliding. 
The internal variables of the discrete damage model are the compliance of the interface, denoted 
as Q = n D n , and the variable associated to softening, denoted as ξ. In Table 2 below we 
summarize the main ingredients of this model. 
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 Table 2. Main ingredients of discrete damage model 

In the finite element implementation of the proposed damage model, the main difficulty 
pertains to accounting for displacement discontinuities, which cannot be done by using the 
standard isoparametric finite elements. For that reason, a modified strain field including 
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discontinuity is introduced by using the incompatible mode method [18]. A particular choice is 
made for the finite element interpolation according to (see Figure 2): 

    
Fig. 2. Discontinuity of displacement across surface and its CST-based finite element 

approximation. 
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where Na
e is the standard shape function associated with the constant strain triangle and Me is a 

discontinuous function presented in Figure 2. It is important to note that such a modified 
displacement interpolation has the same nodal value as the standard one, and hence da are still 
the nodal displacement vectors. With such an approximation, the finite element interpolation of 
the strain field can be written as 
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where L is the matrix representation of the differential (gradient) operator. The finite element 
interpolation of the virtual strain field can be constructed in the same manner 
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where wa and βe are, respectively, the virtual displacement nodal vector and element-wise 
virtual displacement jump. We indicate in (7) that the incompatible mode strain-displacement 
matrix Ge is a modified form [18] of Ge in (7), which is needed in order to guarantee the 
satisfaction of the patch-test; In general, these two matrices are different from one another. The 
virtual strain field will thus be decomposed into a regular and a singular part, and incompatible 
mode strain-displacement matrix can be written as: 
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With those interpolations on hand, the discrete problem can be written as: 
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For the frozen values of internal variables at Gauss numerical integration points DGNP, the 
system of equations to be solved consists of two parts: the first one is the set of global 
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equilibrium equations, which takes a standard form for the finite element method and the 
second one is a local equilibrium equation written in each localized element. The latter can also 
be interpreted as the weak form of the traction continuity condition along the surface of 
discontinuity [2]. The time evolution of the discrete problem is computed by an implicit time 
integration scheme, accounting for the evolution of internal variables. The consistent 
linearization of this system leads to the set of linear algebraic equations, which can be written 
for time step n+1 and iteration (i): 
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By taking into account that the second equation holds independently in each localized 
element, for a given value of the displacement vector increment we can obtain the 
corresponding increment of the displacement jump on element-wise basis. We can then carry 
out the static condensation at the element level, reducing the system of equations to the standard 
form which is identical to the one obtained by isoparametric finite elements 

 
( ) ( ) ( )( )

( ) ( ) ( ) ( ) ( ) ( ) ( )( )

, , ,
1 1 1 11 1

1, , , , ,( ) , ,
1 1 1 1 1 1 1

ˆ

ˆ ˆ ˆ

el eln n
e i i int e iext
n n n ne e

e i e i e i e i e i e i T i
n n n n n n n

+ + + += =

−

+ + + + + + +

⎡ ⎤ Δ = −⎣ ⎦

⎡ ⎤= − + +⎣ ⎦

K d f f

K K F H k F k

A A
 (12) 

We therefore obtain an enhanced performance of the finite element approximation without any 
change of the global structure of the code. The proposed damage model, which considers 
interplay of both continuum and discrete dissipation mechanisms, produces mesh-invariant 
results for any sufficiently refined mesh; see Figure 3. 

The procedure presented herein for an anisotropic damage model can be generalized to 
even a more general case. For example, we can obtain a coupled damage-plasticity model, 
capable of representing inelastic behavior of porous metals [16] or concrete under compaction 
[8]. The latter is used in application to a commercial airplane impact problem on the massive 
structure, which is further discussed in Section 4. Finally, the same kind of development can be 
carried out for yet the most general framework of reinforced concrete model, which is 
assembled from the anisotropic damage model for concrete, the elastoplastic model for steel and 
a coupled damage-plasticity model for bond-slip [7]. The latter is implemented within the zero-
thickness bond element with normal and tangential degrees of freedom, which is constructed in 
the same manner as the contact element described by [10]. One can therefore easily represent an 
increase in slip resistance due do the confinement pressure. The finite element approximation of 
such model can also be placed within the previously described framework, with the only 
difference that one must enforce the continuity of parameters representing bond slip throughout 
the length of the particular steel bar.  
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Fig. 3. Force-displacement diagram for simple tension test on a specimen with imperfection: 

mesh-invariant results are obtained for two different approximation of macro-crack with a 
coarse or a fine mesh, because two dissipative mechanisms always remain coupled and are 

forced to store the total external energy input. 

The predictive capabilities with respect to crack spacing and opening for this kind of model 
are illustrated in Figure 4, where we demonstrated the important role played by bond-slip 
element in redistributing more evenly the stress transfer mechanism along the steel bar, as well 
as an excellent correlation between the experimental and numerical results, even in the case of 
dispersion of slip resistance [7]. 

    

 
Fig. 4. Pull-out test for reinforced concrete beam and crack spacing: experimental results and 

numerical results (constant bond-slip with crack spacing of 15 cm and variable bond-slip 
resistance using the standard variation of 0.05 with crack spacing varying between 13 and 19 

cm. 

5

0
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2. Multi-scale in time and load of short duration: Impact of airplane on massive structures  

In this section we present our recent work on trying to incorporate the significant advances in 
nonlinear analysis within the design procedure of a complex engineering structure under equally 
complex loading. The case in point is the impact by airplane on a massive structure, such as a 
nuclear power plant (see Figure 5) or military installations. 

    
Fig. 5. Nuclear power plant: massive structure built to sustain airplane impact. 

The traditional design procedures for this kind of problem are not applicable to complex 
structure and even less so to complex, non-proportional loading case (such as the one produced 
by frictional contact of the airplane with the structure). Namely, a number of empirical 
expressions, which have been proposed and used currently, are based on rather simplified 
interpretations of experimental results of projectile tests perforating different plate-like 
structures. There exists a very large dispersion in these experimental results on a single 
structural component and more importantly their lack of pertinence to complex structures, 
which makes them practically inapplicable to the case of complex structures under complex 
loading. Therefore, a novel approach to nonlinear analysis of this problem is sought, which is 
capable of taking into account the final goal of engineering design for such a structure. 

   
Fig. 6. Hard vs. soft impact. 

The main difficulty in dealing with this class of impact problems is related to the type of impact 
one should take into account; In that respect, we distinguish between the hard impact, where the 
projectile is much more stiff than the target, and the soft impact, where the target is at least as 
stiff as the projectile (see Figure 6). Another difficulty is related to a great diversity of damage 
modes to be accounted for, including perforation and spalling. 

In order to deal with this kind of complexity, and at the same time keep a reasonable 
efficiency, we split the analysis in the local and global phase. The local phase will deal with the 
analysis of a single structural component (e.g. an impacted area of a nuclear power plant or a 
concrete slab in a military installation, see Figure 7, whereas the global analysis will deal with 
the complete (complex) structure. Moreover, the later stage of global analysis will incorporate 
directly the result of the local analysis in the manner which is both sufficiently representative of 
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the local analysis results and which provides a much higher efficiency of the computations in 
the global phase, so that one can carry our all the parametric studied which are needed in the 
design phase (see Figure 7). 

 
Fig. 7. Design procedure based on mesh transfer between local phase and global phase. 

The local phase of the analysis is carried out first, by using a very refined model of a single 
component corresponding to the impacted zone. The analysis of this kind considers the finite 
element model of the projectile (of the finite element model of an airplane), which can account 
for the large plastic deformations developing at impact and frictional contact with potentially 
large frictional sliding. For that reason, an explicit, central difference scheme is used for such an 
analysis according to 
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where d, v and a are, respectively, displacements, velocities and accelerations and M is the 
mass matrix, which is taken of a diagonal form in order to enhance the computation efficiency. 
We indicated in the last expression that the main source of nonlinearity, besides impact and 
frictional contact by the airplane with contact forces denoted as rcontact, are the plastic and 
damage deformations of the impacted component of the structure, which are all contained in 
term fint. 

For the purpose of structural design, we ought to provide a very reliable representation of 
the damage in the impacted structural component, where the latter is built of reinforced 
concrete. Several damage mechanism have to be represented: the first is concrete damage in 
tension leading to cracking, the second one is the damage in compression with the original 
feature that the concrete initially hardens due to compaction with an increase of stress until the 
ultimate value where the concrete will break, and the last one is the dependence of compressive 
and tensile strength of concrete with respect to the rate of deformation (see Figure 8). The 
fracture of concrete in tension is described by a criterion depending directly upon the principal 
values of tensile elastic strains in a quite similar manner as for the model presented in the 
previous section [4], including the modification for different fracture energies for cracking in 
tension and cracking in compression. The criterion for the concrete damage in compression is 
constructed as a modified form [8] of the Gurson plasticity criterion, defined with 
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where σij are the components of the nominal stress tensor, σm is the reference value of the stress 
in the matrix, f* is the concrete porosity and q1, q2, q3 are the chosen coefficients. The graphic 
illustration of this criterion for both compressive and tensile stress is provided in Figure 8. 

   
Fig. 8. Constitutive model of concrete for dynamic analysis: dependence of compressive and 
tensile strength on rate of deformation, yield-damage criterion and hardening introduced by 

compaction. 

Porosity is made dependent on equivalent plastic deformation, and the same parameter 
defines the threshold for element erosion, defining the stage where the element is damaged to 
that extent that it ought to be completely removed from the mesh. The evolution equations for 
plastic deformation in compression and damage deformation in tension are chosen as rate 
dependent, in order to account for the effects of rate of deformation, which is quite pronounced 
for this class of problems (see Figure 8). 

The numerical implementation of the proposed model is incorporated within the proposed 
computational framework in ( ). However, contrary to explicit scheme computations for the 
global momentum balance equations, the integration of the evolution equations for internal 
variables, such as plastic strains, damage compliance and hardening/softening variables, is 
carried out by an implicit scheme. The latter provides at each step the admissible values of 
stress with respect to the chosen criteria, and leads to a very robust numerical implementation. 
For more details on model numerical implementation we refer to [8]. 
  
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 9. Experimental results of slab perforation obtained at Sandia US National Lab. And results 
of our numerical simulations. 

 Sandia's Laboratory tests simulations: In order to check the reliability of the proposed 
constitutive model we carried out simulations of impact tests performed in Sandia Laboratory 
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by Sugano and co-workers. Following the test program, we simulate impact on the reinforced 
concrete slabs by different size missiles equivalent to aircraft engine. In particular, we 
performed simulations for Large size Equivalent and Deformable missile (LED), Medium size 
Equivalent and Deformable missile (MED) and Small size Equivalent Rigid missile (SER); See 
Figure 9 for details. 

The missiles are used for impacting different concrete slabs (see also Figure 9, with a 
particular choice made for two of them as summarized in Table 3. In numerical simulations the 
missiles where modeled by using the shell finite element models, except for SER missile with 
the mesh of 3D solid elements. The concrete slabs are modeled with under-integrated 3D solid 
elements with the proposed constitutive model, and the reinforcement is modeled with truss-bar 
elastoplastic elements. 
No. Missile 

type 
Velocity

(m/s) 
Slab thick. 

(m) 
Reinf. 
ratio 

Slab 
type 

Perfor. Spal. Penet
r. 

S10 SER 141 0.15 0.4 Small #1 No Yes Yes 
L5 LED 214 1.60 0.4 Large #3 No Some Yes 

Table 3.. Simulated impact tests - missile and slab characteristics and experimental results 

The qualitative results observed in experiments are presented in Table 3; we note that 
penetration means that the missile penetrated the slab without having gone through it, 
perforation means that missile went through, scabbing means that the impact generated a scab 
on the rear face of the slab. 

Very similar results are obtained in our numerical simulations and presented in Figure 13 
for slabs S10 and L5, respectively. The computations where stopped when the velocity of the 
missile stopped decreasing, which implies that the missile was finally stopped by the concrete. 
We observed a fair amount of damage of a thin slab in this numerical simulation, not enough to 
allow for the missile penetration but only the spalling which occurs at the rear face. For the 
thick slab, the damage remains localized in the impact area with a large undamaged volume 
separating the damage on the front face and damage on the rear face. The latter implies the 
presence of only some small cracks. On the basis of results obtained in our numerical 
simulations, we can conclude that the proposed model is capable of providing a very good 
correlation with the tests. 

We note in passing that yet another kind of result can be of interest for local analysis of 
structural component regarding the spalling phenomena, where a completely damaged piece can 
detach from the main structure and fly away. If the mass of that piece is too large or if its 
velocity is too high, it is very likely to have the damage of the interior equipment or storage 
material, even if the integrity of the structural component has been preserved under impact. The 
spalling phenomena of this kind can be easily illustrated on a 3-point bending test in dynamics, 
which is performed by dropping a weight from a certain height, producing at impact a 
compressive wave traveling downwards from the upper surface. When this wave reaches the 
lower surface of the specimen, it will reflect, double in size and turn into a tensile wave. That is 
a moment when the damage can be introduced in tension sensitive material, with pieces that can 
detach and freely move away from the main structure. 
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Fig. 14. Numerical simulation of 3-point bending testing: continuum model with element 
erosion can remove completely damaged elements, and discrete model can also represent 

spalling as well as the motion of any detached piece of specimen. 

In the numerical simulation of this kind of test we can reproduce some or all of these 
results, depending upon the kind of model which we are using; See Figure 14. Our damage-
plasticity continuum model is capable of predicting the extent of the damage zone associated 
with a large value of damage variable, or even eliminate all the elements that are extensively 
damaged by activating the erosion criterion. However, with such a continuum model we can 
eliminate but can no longer follow the motion of the pieces which are now detached from the 
structural component. For that reason, we have developed [14] a discrete model based on 
Vornoi cell representation of the specimen, where the cohesive forces between the adjacent 
cells are represented by geometrically exact Reissner beam model [12]. This particular feature 
of the beam model with its capability for representing overall large motion (accompanied by 
small strains) is crucial for the present application, where the detached piece is represented by 
several Vornoi cells with preserved cohesive forces; See Figure 14. A special attention is paid 
[6] to implementing the appropriate time-integration schemes capable of controlling the high 
frequency content of motion [11] and thus minimizing the risk of spurious stress oscillation 
introduced by brittle fracture. 

Having completed the local analysis phase of airplane impact on a single structural 
component (or impacted zone), we further turn to the global phase. The main goal of this phase 
is to check the integrity of the whole structural assembly, and perform in a very efficient 
manner any eventual parametric study where different design possibilities are proposed, with 
each one integrating the structural component which is considered in the local phase. Therefore, 
the global analysis can integrate directly the results obtained in the local analysis phase, but 
with two possible simplifications. The first one concerns the replacement of fine mesh used in 
the local analysis phase by a coarse mesh which is chosen of the same grading as the mesh used 
for the rest of the structural assembly. We can easily avoid in this manner any potential risk that 
the waves propagating across the interface between the impacted zone and the rest of the 
structure remain trapped within the refined mesh zone.  
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Fig. 15. Coarse and fine mesh representation of plate-like structural component and space-time 

field transfer between two meshes based on diffuse approximation. 

The second simplification consists of replacing the true loading on impacted structural 
component which stems from time consuming computation of frictional contact and impact of 
the airplane with the equivalent nodal loading applied at the nodes of the coarse mesh of the 
structural component which is used in the global analysis phase. This task is very much like the 
construction of a phenomenological model of material obtained from a detailed representation 
of the material microstructure. 

The problem of this kind belongs to the class of field transfer problems. The main difficulty 
we have to deal with herein concerns the best choice between two possible manners to 
accomplish this task. In order to fix these ideas we further consider a simple problem where a 
single structural component, a slab represented by a fine mesh of 3D solid elements, is impacted 
by a small plate (see Figure 15). This nonlinear impact problem is solved by central difference 
scheme by using typically small time steps that are imposed by the small size of the finite 
elements in the fine mesh. We well further seek to recover as close as possible the results of the 
nonlinear impact analysis on the coarse mesh by using again the central difference scheme, 
driven no longer with contact, but with an equivalent loading applied on the coarse mesh. 

The first transfer problem concerns the space coordinates, or in other words, the transfer 
between the fine and the coarse mesh. The field transfer is done for any point of the coarse 
mesh, denoted as x, where we need the best possible coarse mesh representation of the results 
obtained on the fine mesh. The coarse mesh representation is constructed in accordance with 
moving least square approximation of the fine mesh transfer. More precisely, for the 
displacement component on the coarse mesh di

coarse (x) we assume that one can use the 
projection which is based on the nodal values of the corresponding displacement component 
obtained in the neighborhood of x on the fine mesh, di

fine (xj) 

 ( ) ( )( ) ( ): ;coarse fine fine
i i j jd d= Π ∀ ∈x x x N x  (15) 

The projection of this kind should be in accordance with the moving least square 
approximation which is written as 
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where a are the approximation parameters to be determined from the least square fit. The latter 
can formally be formulated as the following minimization problem 

 ( ) ( ) ( )
( )

( ) ( )
2

a

1min ; ,
2

T fine
j j i j

j

J J W d
∈

⎡ ⎤= −⎢ ⎥⎣ ⎦∑
N x

a a x x p x a x  (17) 

where W(x,xj) are the bell-shaped weighting functions (see Figure 15), which are chosen in 
order to limit the influence of the points placed farther away from the point x as well as to 
provide a continuous approximation when moving across domain of influence of the 
neighboring nodes on the coarse mesh. The latter is true [24] only when taking more than a 
minimum of four points in the neighborhood xj € N(x), j=1,…,m ≤ 4, or otherwise the 
weighting functions will play no role. The cost function in the minimization problem in (34) can 
also be stated in matrix notation as 

 ( ) ,1 1
2 2

T T T fine fine T fineJ = − +a a PWP a a PWd d Wd% % %  (18) 

where the weighting factors, interpolation polynomial and fine mesh displacement values are 
stored as 

 
( )

( )

( )

( )

( )

( )

1 1

1, ... 0 . .
... ... ... ; . ; .
0 ... , . .

T fine
i

T fine

m
fineT

i mm

p x d x
W x x

W x x
d xp x

⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥⎡ ⎤ ⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢ ⎥= = =⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎣ ⎦⎣ ⎦

W P d%  (19) 

The Kuhn-Tucker optimality condition of this minimization problem leads to the optimal 
value of approximation parameters 

 
1

a T fine−
⎡ ⎤= ⎣ ⎦PWP PWd%  (20) 

which defines completely the chosen approximation in (34). 

Having clarified the field transfer in space between the fine and the coarse mesh, we now 
consider the transfer of evolution problem in time, where the time steps used on the selected 
coarse mesh are likely to be much bigger than those used previously on the fine mesh. The main 
difficulty in that respect pertains to two possible manners of performing such a field transfer. In 
order to further elaborate on this idea, we consider a single time step of the coarse mesh 
computation which corresponds to a number of small steps of the fine mesh; See Figure 15. One 
possible way for the field transfer is by first carrying out the computations on the fine mesh by 
using the central difference scheme in (31) and then use the projection (34) of such a result to 
the coarse mesh. This kind of field transfer can formally be written as 

 
( ) ( )( ) ( ) ( )( ) ( )

( ) ( )( ) ( ) ( )( )
1 1 1 1

1 1 1 , 1

: ; :

: ; :

coarse fine fine coarse fine fine
n n j n n j j

coarse fine fine coarse fine fine
n n j n contact n j

+ + + +

+ + + +

= Π = Π ∀ ∈

= Π = Π

d x d x v x v x x N x

a x a x f x r x
 (21) 

where dn+1
fine, vn+1

fine and an+1
fine are, respectively, the computed vectors of displacements, 

velocities and acceleration at time t n+1, while rcontact,n+1
 fine are nodal forces computed from 

contact problem on the fine mesh. The last expression states that any time we need the 
corresponding values on the coarse mesh they can be obtained by projection, which completely 
eliminates the need for central difference scheme computations on the coarse mesh. 
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There is an alternative way to carry out the transfer, which implies the need for 
computations on the coarse mesh as well. Namely, we first start with the transfer of the results 
obtained on the fine mesh, and then follow up with the computation carried out on the coarse 
mesh. The latter can formally be written according to 
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Ma x g x f d x

v x v x a x a x

 (22) 

 From standpoint of computational efficiency, there is one crucial difference between 
computational procedure on fine and on coarse mesh: the former is driven by impact and 
frictional contact and the latter is driven by equivalent nodal loading gn+1. Such an equivalent 
nodal loading is obtained as the solution of the minimization problem seeking to render the 
results of two field transfer procedures as close as possible 

 ( )
1

1g
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n
nJ

+
+g  (23) 

 with the explicit form of the cost function defined as 
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 The dependence of such a cost function on the equivalent load vector on the coarse mesh gn+1 is 
defined through (39). 

In seeking to enforce further result correspondence of these two types of field transfer, we 
can also require that the work of the equivalent loads on the coarse mesh over any time step of 
the coarse mesh computations remains as close as possible to the work of contact forces on the 
fine mesh. The latter can formally be written as 

 ( ) ( )1
1 1 1

1
2 2coarse

T coarse T T finen n
n n n n n contact

t t
C W dV+
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where Wcontact
fine is the work of contact forces which is computed on the fine mesh during the 

same time step. One can thus modify the optimization problem in (41) by adding the last 
condition as the constraint 

 ( ) ( ) ( ) ( )
1 1

1 1 1 1 1 1 1g λ
min max , ; ,

n n
n n n n n n nL L J C

+ +
+ + + + + + += +g λ g λ g λ g  (26) 

Four different methods for field transfer are developed on the basis of the minimization 
problems presented herein. The first one considers the direct transfer of the nodal values 
computed on the fine mesh and the second one will add the work conservation constraint. The 
third method seeks to improve upon the computation of the cost function by using the patch-like 
computations. Finally, the fourth method is using the direct transfer of the values at the Gauss 
numerical points, leading in general to the highest precision of results. 



A. Ibrahimbegovic: Nonlinear Transient Analysis 

 

58

We have carried out the computations with these four methods for the impacted thick plate 
component in Figure 15. The results on representing the upper and lower bounds are obtained 
by carrying out the computations of the impact problem on the fine and on the coarse mesh, 
respectively. The first set of computations, performed for the case of the elastic plate (see 
Figure 16), have shown that all the methods can give fairly good results, since a reasonably 
good representation of the fundamental vibration modes is the only condition which should be 
fulfilled. The second computations with four methods are carried out for elastoplastic plate (see 
Figure 17). In this case, the fourth method clearly shows far superior results, which is the 
consequence of the highest level of consistency we impose for this kind of field transfer. 

  
Fig. 16. Computed displacement and energy with fine and coarse mesh and four different 

projection methods - elastic case. 

  
Fig. 17. Computed displacement and energy with fine and coarse mesh and four different 

projection methods - elastoplastic case. 

3. Conclusions 

We have presented in the foregoing a multi-scale modeling approach for predicting the 
inelastic behavior and ultimate limit load of complex massive structures, where the micro-scale 
is defined as the scale that allows the most reliable interpretation of the inelastic mechanisms. 
We have also discussed the problems where the reliable loading interpretation requires dealing 
with a coupled problem. An operator split type solution procedure for this kind of coupled 
problem is proposed, by taking into account the multi-scale approach in time. We considered 
herein an extreme case with a very short duration of airplane impact on a massive structure. 
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We have shown that the proposed procedures for nonlinear inelastic analysis of complex 
structures have reached a fair level of reliability, where they can be used to supplement the time 
consuming and costly experimental procedure on structures. We have also shown how to reduce 
the amount of information coming from refined models used for nonlinear analysis of a 
particular structural component, in view of preparing the reduced model for parametric studies 
and a novel design procedure, which should verify the integrity of not only a single component 
but also of the whole structural assembly. 

Current works deal with the development of computer models capable of providing 
additional information from the structural testing under heterogeneous stress field, and 
accounting for heterogeneities in material properties [15]. The model reduction procedures in 
dynamics, as those proposed earlier in [9], are also studied to be used in dynamics [22] and in 
earthquake engineering design [5]. Model and mesh adaptivity issues, where the choice between 
refined and coarse model is made, geared towards the ultimate load computation of a complex 
massive structures also belong to our current research activities of this kind [1], [3]. The 
procedures for optimal design of complex structures in presence of inelastic nonlinear behavior 
are also being developed [17]. Finally, we are currently seeking a deeper understanding of the 
physical aspects which would allow to construct the key ingredient of probabilistic description 
of inelastic nonlinear phenomena and thus feed the proposed computational procedure for 
probabilistic studies of nonlinear behavior of complex structures, presently available mostly for 
linear problems [23]. 
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