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Abstract 

The difficulties associated with thrust-optimized contour nozzles have led to significant advances 

in our knowledge of the physical phenomena associated with flow separation. In this study, a 

fully implicit scheme is implemented using a combined weight function for splitting the flux to 

analyze the shock patterns in the optimized contour (TOC) that occur during the process of 

separation, leading to free (FSS) or restricted (RSS) shock separation. The switching FSS/RSS 

hysteresis at startup and shutdown is also investigated. To better understand and validate the 

findings and study the properties of the oscillating flow during the start-up procedure, an 

axisymmetric two-dimensional numerical simulation was performed for the TOC nozzle. A code 

was developed to solve the unsteady Navier-Stokes equations for compressible nozzle flow with 

boundary layer/shock wave interactions with the implementation of a full RSM-Omega 

turbulence model. These findings were used to analyze the separation structures, shock wave 

interactions, and hysteresis phenomena. 

Keywords: Hysteresis, RSM-Omega turbulence modeling, explicit-implicit scheme, free shock 

separation, restricted shock separation 

1. Introduction 

Supersonic nozzle flow separation is associated with oblique shock required to deflect the 

supersonic jet flow and build up pressure to match the environmental conditions. The detachment 

shock is consistently reflected on the axis nozzle with Mach reflection. Depending on the 

parameters of the upstream flow, this Mach reflection might exhibit a curved or flat Mach disk. 

For optimized contour nozzles, the Mack disk is curved due to the significant radial gradients of 

the flow in front of it, resulting from the internal shock generated by the throat. The rocket engines 

in current launchers and missiles are designed to reach full flowing at sea level.  

The boundary layer separation of nozzle flow has been the objective of numerous 

experimental and numerical investigations, because the performance of rocket motors depends 
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strongly on the expansion nozzle’s aerodynamic design and the contour form, and the expansion 

cross-section ratio of the engine are two primary factors in thrust nozzle optimization.  

The area ratio limit is determined with the maximum lateral force that can be tolerated when 

operating under these off-design conditions because of instability and symmetry loss of nozzle 

separated flow. Computational and experimental studies of side loads and separated flow in TOC 

nozzles have already been conducted. The re-attachment of flow behind the RSS detachment, 

associated with intense lateral vibrations, was initially described by the cold experimental data of 

Nave and Coffey (1973) in the 1970s on the J-2S nozzle. This shows the presence of two distinct 

flow patterns: free shock separation, where the boundary layer is separated and not reattached to 

the wall nozzle, and the RSS restricted shock separation distinguished by recirculating bubbles 

with nozzle wall re-attachment. In the study by Chen et al. (1994), numerical simulations on a 

subscale J-2S engine demonstrated the existence of flow reattachment (RSS) and the existence of 

a trapped vortex.  

In a paper published by Frey and Hagemann (1998), the focus was on RSS flow structure 

recovered through numerical simulations. Nasuti and Onofri (1996) demonstrated by numerical 

simulations the effect of the vortex in deflecting the central flow towards the walls. An analytical 

model for the cap shock structure associated with the RSS phase and for FSS-RSS transition 

prediction was provided by Frey et al. (2017). Reverse flow in TOC nozzle plume has latterly 

been experimentally demonstrated (Wang et al. (2013), Stark and Génin (2016), Steger and 

Warming (1979)).  

A Fortran code was developed to analyze numerical simulations in order to comprehend how 

shock interactions affect the separation model. The analysis establishes an accurate understanding 

of fluid flow physics as well as the impact of hysteresis occurring at the start-up transition. 

2. Turbulence model and numerical method 

The equations of the Reynolds stress model RSM-ω for the transport of the Reynolds stresses 

'' ''

ij i j
R u u   are given by: 
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The pressure-strain correlation is given by 

 
*

1
ˆ  

2 2 2 1ˆˆ
3 3 3 3

ij ij ij ij ij ij ij ij kk ijC R k P P D P k S S        
       

               
       

 (3) 

The production tensor 𝑃𝑖𝑗 and the tensor 𝐷𝑖𝑗 are given by: 
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With 2iik R  , 
t k    and 2kkP P . 

In generalized coordinates, the system of equations in conserved form is done as: 
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,F G and ,F G  are respectively the inviscid flux and the viscous vectors. With ijV dv is 

the elementary volume of the integration mesh ij;    
22

x yJ J J      taken on the 

segment Cste  between  and 1  .  x xn J J   and  y y
n J J    correspond to 

the direct cosines of its external norm  directed in the direction of the increasing . 

x yU un vn  can be interpreted as the flow velocity passing through it, measured according to

 , the same interpretation is done for
xm , ym and for x yV um vm  with J is the Jacobian of a 

fictitious cell built on the four points used in the estimation of the derivatives. 

 

   

1 1

2 2

,

x x

y y

i j
ij ij

U V

UU pn u u VU pm u v

UV pn u v VV pm v v

E p u u U u v V E p v v V u

J J
F u v U G

V V
u u U

v v U

w w U

U

 

   

   

     

 










   

   

     

 

 

 

 

 

 
 
    
 
    
 
      
 

  
  

 
 
 
 
 
 
 
 
 

v U

u v V

u u V

v v V

w w V

V











 

 

 

 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 (6) 



Bensayah Khaled and Kamri Khadidja: NUMERICAL INVESTIGATION OF SUPERSONIC …  
 

 

46 

 

1

2

1

2

3

4 2 3

5

6

7

0

xx x xy y

yx x yy y

T x y

x y

ij i

x y

x

f

f n n

f n n

T T
f uf vf n n

x y

u v u v
f u v n n

x yV F

J u u u u
f u u n n

x y

v v
f v v n n

x







  









 

 














  

  

  
    

  

     
       


      

       

 
   



1

2

1

2

3

4

8

9

0

,

xx x xy y

yx x yy y

ij j

y

x y

x y

g

g m m

g m m

g

V G

J

v v

y

w w w w
f w w n n

x y

f n n
x y















 

 





 




 
 

   
    
 
 
 
 
 
 
 
 
 
  
  
 
 
 

   
     

      
         

 
   

       

2 3

5

6

7

8

T x y

x y

x y

x y

x y

T T
ug vg m m

x y

u v u v
g u v m m

x y

u u u u
g u u m m

x y

v v v v
g v v m m

x y

w w w w
g w w m m

x y

 



















  
    

  

     
       

     
       

     
       

    
   

 

9 x yg m m
x y



 


 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
   
  
 

   
       

 (7) 

The pressure is done by     2 2
1 2p E U V k      , the viscosity is done by the 

Sutherland's law. Equation 5 can be integrated using Green's theorem in a small volume. 
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The equation 8 can be written in generalized coordinates as: 
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ixpS is the unit area vector components. Equation 9 can be used to determine the inviscid flux 

passing perpendicularly through the surfaces 1 2iS  of the elementary basic volume (where the 

index " 1 2i  " is the average of i and 1i  ) 

  1
1

2
2

, ,ixp iypi j i j
F FS GS
  

   (10) 

All values are estimated at time 1t n  . The equation 10 is given by: 
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The temporal linearization of the Eulerian flux is done by: 
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The Jacobians of F A U  and G B U  with respect to U are represented, respectively, 

by A and B . In the   direction, the inviscid-flux F F F  

 
  is divided into two parts 

depending on upstream and downstream conditions. Using equation 12, the flux via the surface 

1 2iS  can be expressed using the flux separation proposed by Steger and Warming (1979) 

involves evaluating the Jacobian matrices at the exact locations as U : 
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MacCormack (2003) proposes evaluating both at the identical location and alternate i  and 

1i  for the "predictor" and "corrector" evaluation, treating 
, 1 2

1

i j

n
G 

 in the same way. Using 0q 

in predictor step, 1q  in the corrector step and inversely for the following integration. 
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In boundary layers, MacCormack splitting produces good results, but it can become unstable 

in regions with large pressure gradients. Steger and Warming suggested an expression that is 

significantly more dissipative and enables the scheme's stability in these regions. In this work, 

we combined the two previous weight functions into one. The formula for the weight function is 
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   over two adjacent cells. Finally, the equation 11 becomes: 
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A parallel implicit finite volume Fortran code based on full Navier-Stokes unsteady 

equations is developed to solve axisymmetric nozzle flows using RSM-Omega turbulence model, 

the numerical technic and validation via SST turbulence model is well described in reference 

Bensayah et al. (2014). 

3. Findings and discussion 

To understand what actually happens in TOC nozzles, several experimental studies, carried out 

on optimized nozzles with subscale (Nave and Coffey (1973), Nguyen et al. (2003), Hadjadj et 

al. (2015) and Ijaz Rajesh (2019)) or full-scale (Nave and Coffey (1973)), confirmed by various 

numerical simulations (Frey and Hagemann (1998), Aghababaie and Theunissen (2015), Maicke 

et al. (2013)) and experiments (Frey et al. (2017), Meng and Ye (2017), Changsoo et al. (2020), 

Martelli et al. (2020), Ruyan et al. (2016)), and Stark Genin (2016), have an FSS separation kind, 

the flow boundary layer separated from the nozzle wall and is not reattached (see Fig. 3a), while 

a restricted shock separation is marked by closed recirculation bubbles that are re-attached to the 

wall nozzle behind the point of separation (see Fig. 3b), interaction of boundary layers and shock 

waves that takes place in significantly over-expanded nozzles may exhibit considerable instability 

that leads to symmetrical or asymmetrical flow separation, according to a number of prior studies 

on supersonic nozzles (Lawrence (1967) and Verma (2002)). Shock-induced separation is not 

desired in rocket design because asymmetry in the flow might result in damaging lateral forces. 

A number of viscous phenomena, such as adverse pressure gradients boundary layers, shear 

layers, recirculation bubble zones, and shock-induced separation can occur and significantly 

impact the flow field in the nozzle. For the purpose of predicting the switch from FSS to RSS, 

Ostlund and Bigert (1999) and Hadjadj et al. (2015) presented a reasonable empirical criterion 

that links the FSS to RSS switch to an axial location at which the moderate centerline normal 

shock corresponds with the RSS front separation. 



Journal of the Serbian Society for Computational Mechanics / Vol. 16 / No. 2, 2022 

 

 

49 

 

Fig. 1. (a) Geometric configuration of simulated nozzle, (b) Computational grid for LEA-TOC 

nozzle. 

3.1 Free shock separation (FSS) 

The separation in initiated nozzle takes place in the divergent upstream of the lip nozzle due to 

the presence of adverse pressure gradients, and the free-flowing jet emerges in atmosphere at rest, 

the boundary-layer separates and extends freely to the outlet lip of the nozzle. The static wall 

pressure at the outlet is often slightly less than the ambient pressure (Fig. 2a and 2b), the first 

deviation in the wall pressure is called the beginning separation pressure (Pi). The wall pressure 

then increases rapidly to a so-called plateau pressure (Pp), which is generally below atmospheric 

pressure (Pa). 

The increase in pressure between (Pp) and (Pa), due to the recirculation zone, is much less 

marked. Free separation is shown schematically in Figs. 3a, 2a and 2b. It involves two distinct 

zones; one is governed by the jump of the pressure (Pi/Pp) and the other by the jump (Pp/Pa) 

related to the ambient flow aspirated in the region of recirculation (back flow). A compression is 

exerted on the boundary layer of the jet where a shock is formed at the first point of increasing 

wall pressure just upstream of the detachment point. The adverse pressure gradient at this point 

does not reach the value necessary for boundary layer separation and does not allow the back 

flow to penetrate inside the nozzle. Consequently, the flow continues to expand until the 

separation point, where the intensity of the shock becomes increasingly large and sufficient to 

cause the separation of the boundary layer. The wall pressure distribution in this case is 

undisturbed, reaching an asymptote (NPR = 15; 16) corresponding to the plateau pressure (Pp) 

characteristic of the extended flow, the pattern obtained corresponds to a Mach reflection.  

 

Fig. 2. Comparison between experimental data (Nguyen et al. 2003) and computation for the 

mean static wall pressure, TOC nozzle at (a) NPR=15, (b) NPR=16. 
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The type of reflection strongly depends on the stagnation pressure ratio (NPR) and wall 

contour of the nozzle. However, the transition between these reflections may involve a hysteresis 

effect (Zmijanovic et al. (2012)), Aghababaie & Theunissen (2015) and Maicke et al. (2013). In 

FSS separation the incident shock (I) is reflected by forming a normal shock to the axis called the 

Mach disc (Fig. 3a-top). The triple point (TP), or meet the reflected shock, the incident shock and 

the Mach disc, emanates a slip line (SL). This isobaric discontinuity separates the subsonic pocket 

downstream from the strong shock of the supersonic zone downstream of the reflected shock (r). 

The other called "singular" or "Mach", where the incident shock (I) is reflected by forming a 

normal shock to the axis called the Mach disc (Fig. 3a-bottom). When the profile of the nozzle is 

highly optimized in thrust (TOC and TOP), an internal shock (IS) is then formed. Interference of 

the incident shock (I) with the internal shock can lead to a complex structure of shock called ”cap-

shock” (Fig. 3b). Figures 2a and 2b with NPR=15 and 16 show a comparison of numerical 

findings with experimental data. The computed wall static pressure agrees well with the 

experimental measurements, the level of plateau pressure is well calculated and this level 

decreases with increasing stagnation pressure (NPR). 

3.2 Restricted shock separation (RSS) 

Regular reflection (RR) and Mach reflection (MR) can be detected in the plumes of all kinds of 

nozzles, whereas the cap shock structure only exists for nozzles having internal shock, which 

include ideal optimized truncated nozzles. Transition of the cap shock structure to Mach or 

regular reflection is determined by the form of the contour and the operating conditions of the 

nozzle chamber. In addition, substantial hysteresis was detected for the NPR pressure ratio during 

the transition from nozzle startup and for the shutdown operation. Fig. 3b shows the confrontation 

between the schematic illustration and the numerical prediction of the cap-shock structure 

presented in the form of a schlieren picture; in this situation, the structure of the cap shock is 

often created by the internal shock (i1) impacting with the incoming center Mach disc (MD1). 

Reflected shock (r1) produced by the interaction is subsequently confronted to the incident-shock 

(i2) and forms a regular reflection (r2). The FSS exist only with NPR < 24, when increasing 

pressure than the typical RSS flow separation developed unexpectedly under NPR > 24. The 

obtained RSS flow patterns have three to four smaller pressure peaks with NPR = 24.9 additional 

to the strong peak set near the location of flow detachment. The peaks of pressure are stable and 

do not vary under the same NPR and shift somewhat with the change in stagnation pressure. This 

structure was reported in the early 1970s by Nave and Coffey (1973), suggesting a transition in 

the separation of FSS to RSS and vice-versa. However, it was not understood that these transitions 

were responsible for the two distinct lateral load peaks until Mattsson et al. (1999) presented a 

detailed analysis of the flow of the VOLVO S1 nozzle. The calculation of Chen et al. (1994) 

showed behind the recompression shock a formation of a trapped vortex, in the simulation of the 

flow reattachment in the J-2S subscale engine. Hereafter, Nasuti and Onofri (1996, 2009) pointed 

out that lateral load generation is mainly caused by the centerline vortex and provided a probable 

interpretation for its origin largely due to the essential role of the upstream flow gradient of the 

Mach disc in the core of the nozzle (see Fig. 3c). From this explanation, a non-viscous mechanism 

may be the main cause of the vorticity generation.  
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Fig. 3. (a) Free Shock Separation, (Top) Schematic of high-area-ratio and (Bottom) numerical 

simulation in LEA-TOC with NPR=15, SJ supersonic jet, SP separation point, IS internal 

shock, r reflected shock; (b) Confrontation of Schematic representation of cap-shock structure 

and shock interactions in over-expanded supersonic nozzles in the theoretical case (top) and 

numerical simulation (bottom) i1 internal shock, TP triple point, r reflected shock, S slip-line, i2 

incident shock; (c) Restricted Shock Separation, (Top) A schematic of high-area-ratio with RSS 

separation pattern and (bottom) numerical result with NPR=25. 

The incident flow irregularities on the Mach disc, in fact, play a crucial and determining role. 

Owing to the non-uniform flow upstream, and the relatively uniform pressure downstream, the 

impact shock on its surface cannot be constant, and its form assumes a curved contour instead of 

a flat one. As a result, downstream the Mach disc, a rotational flow with speed gradients and 

entropy occurs, which amplifies to increase the irregularity of the flow upstream and generates 

vertical patterns. 

The vortex centerline, with size and growing rate are primarily managed by viscous factors, 

serves as an obstacle for the main evacuation jet, which then deflects towards the wall. 

Consequently, behind the shock a radial flow is developed, which tries to attach the detached 

zone to the wall, thereby changing the flow pattern of the detached zone from FSS to RSS. 

Downstream the point of reattachment and owing to the impact of the flow on the wall, the 

pressure suddenly increases (see Fig. 4).  

 

Fig. 4. (a) Mach number (blue lines) and radial Pressure gradient (𝜕𝑝 𝜕𝑟⁄ ) contour computed at 

NPR=25 for LEATOC nozzle, (b) Wall pressure ratio for LEA-TOC nozzle for startup at 

NPR=37.8, Exp (Nguyen et al. 2003). 
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The flow inside the diverging portion of the nozzle is typically partitioned into three areas: 

the core, the radial gradients, and the uniform flow zones. In TOC nozzles, compressional waves 

originate from the inflection point, gather and generate a weak shock called internal shock. The 

nozzle flow usually has a radial pressure gradient 𝜕𝑝 𝜕𝑟⁄ , that can either be positive or negative. 

The TOC nozzle core has a negative pressure gradient of 𝜕𝑝 𝜕𝑟⁄  < 0 (see Fig. 4a). This negative 

gradient of pressure provokes the Mach disk to bend backward when it is pushed radially outward, 

backward when it is moved radially outward as indicated by Nasuti and Onofri (2009). A sudden 

pressure jump is induced through the internal shock, and then the pressure stabilizes. Thereafter, 

the pressure progressively increased until it attained the wall of the nozzle. This positive pressure 

variation in the radial outward direction provokes the Mach disk to bend forward when pushed 

radially outward, leading to a type 2 Mach reflection with non-uniform flow. Fig. 2a depicts the 

pressure gradients within the nozzle and the patterns of shock caused by the non-uniformities in 

the upstream flow. In Fig. 4b a comparison is made between the normalized wall pressure (pw) 

to the inlet stagnation pressure (p0), using the MacCormack scheme with NPR = 37.8, showing 

a very good agreement of numerical predictions and the experiment data (Nguyen et al. 2003), in 

this distribution, the pressure peaks are well captured, except in the region of the nozzle lip, this 

may be due to differences between numerical and experimental configurations, and the 

complexity of shock boundary interaction, so it is often difficult to capture well all the details 

even with the use of very sophisticated methods. Fig. 5a shows the hysteresis phenomenon, in 

which the transition between FSS-RSS occurring in the nozzle at the start and end of the rocket 

engine is displayed differently.  

 

Fig. 5. (a) Hysteresis cycle of LEA-TOC in the present study, Static wall pressure distribution 

during the (b) startup and (c) shutdown process. 

The objective is to numerically re-capture the hysteresis observed in experimental studies, 

including regular and Mach interactions. The effect of hysteresis is clear from the findings of the 

calculation analysis. At the startup process, the FSS to RSS switch occurs at NPR > 24 (see Fig. 

5b), and RSS to FSS re-transition during shutdown occurs at NPR < 13 (see Fig. 5c). It can be 

observed that during the shutdown process when NPR > 30, the location of the RSS separation 

flow moved upstream at about the similar rate as it moved down-stream during the startup 

process.  

Calculations of the wall static pressure during shutdown indicate that the switch from RSS 

to FSS occurs at lower stagnation pressure ratio (NPR). The principal difference is that the line 

of the FSS separation is situated much more upstream of the RSS separation line because of the 

reattachment of the flow to the wall, and a close recirculating bubble is created, with static 

pressure much lower than the atmospheric pressure. Therefore, the separation line jumps when a 

transition from FSS-to-RSS or RSS-to-FSS occurs. The FSS plateau pressure is quite near to 

atmospheric pressure, but the plateau pressure for RSS is often significantly lower; the hysteresis 

may be described partially by the smaller plateau pressure (see Fig. 6) in the confined 

recirculating bubbles compared to the FSS scenario. 
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Fig. 6. Comparison of startup and shutdown wall plateau pressure distribution.  

4. Conclusions 

This study reports the results of numerical simulations of compressible nozzle flows using the 

Omega Reynolds stress turbulence model and the MacCormack implicit numerical scheme. The 

numerical findings were compared with the available experimental data, and the qualitative 

agreement was generally quite good. In the second part, we proceed to a more complex shock-

wave/boundary-layer interaction, in which the shock pattern can be more dramatic because of the 

rapid expansion of the optimized wall contour. For free separation shock (FSS), the findings are 

in excellent agreement with the measurements; this type of shock is well-captured in detail. For 

restricted separation, the results obtained showed very satisfactory agreement with the existing 

complex phenomena, which provided details on the behavior of the flow structure. The numerical 

scheme and turbulence model demonstrated their capability to reproduce the hysteresis 

phenomenon during the FSS-RSS transition, with both solutions obtained at the same stagnation 

pressure ratio (NPR) as a function of the starting conditions. This hysteresis is attributed to the 

fact that the plateau pressure in the FSS regime is higher than that in confined recirculating 

bubbles. Consequently, the same nominal NPR corresponds to two distinct plateau pressure ratios 

with two distinct abscissa values of the detachment point: the first in the FSS domain and the 

second in the RSS domain. The results show that the numerical scheme with the use of a combined 

weight function for flux splitting and the Omega-RSM model presented here are promising tools 

for predicting the complex behavior of the boundary layer shock wave interactions. 
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