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Abstract 

In this paper, a numerical investigation using the finite element method on the cooling capacity 

of an electronic heat sink has been presented. This heat sink is intended for cooling applications 

of micro-computer CPUs. It deals with a parallelepipedal block with rectangular fins, filled with 

a nanofluid and crossed by four cylindrical pipes in which a cooling gas flows and dissipates the 

heat generated by the processor. Indeed, the cooling occurs by three transfers: the first one 

evacuates the heat from the processor towards the gas, the second one transfers this heat towards 

the nanofluid and the last one is cooled from the ambient air by means of the fins laterally 

arranged on the block. From this work, it has been planned to contribute to the study of the 

behavior of a nanofluid in the heat sink in the presence of a uniform magnetic field in order to 

enhance the operating and cooling performances. The effects of some control parameters have 

been highlighted on the hydrodynamic, thermal, and mass behavior of the nanofluid, namely: the 

Rayleigh number (103 ≤ Ra ≤ 105), the Hartmann number (0  ≤  Ha  ≤  100), the angle of inclination 

of the magnetic field (0  ≤  γ  ≤  90°) and the nanoparticles diameter (1 nm  ≤ dp ≤  10 nm). On 

the other hand, a new fin design has been proposed in this study allowing the enhancement of the 

heat exchange rate with ambient medium. The studied phenomenon is governed by the equations 

of the two-phase nanofluid model proposed by Buongiorno and which describe the following 

balances: mass, momentum, energy and nanoparticles. The system of partial differential 

equations with initial-boundary conditions has been solved by the finite element method. After 

performing a mesh independence check and validating with previous papers, the results of the 

investigation were presented. They showed that the application of a magnetic field significantly 

reduces the rate of heat exchange. However, increasing the angle of inclination of this field 

promotes convective heat transfer. Moreover, the use of zigzag fins improves the cooling rate by 

about 4% for amplitude of 0.05 compared to the standard configuration. 

Keywords: Buongiorno, Heat transfer, nanofluid, nanofluid, natural convection   
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1. Introduction  

Thermal transfer is one of the prevailing physical phenomena in all technological and industrial 

applications. It is also considered as one of the factors that determine the performance of the 

thermal system (Spizzichino et al. 2020; Wu et al. 2020; Basu et al. 2008; Mokeddem et al. 2019; 

Ibrahim et al. 2019). Among the most important of these thermal phenomena is what is known as 

the cooling technique, which is based mainly on the use of the static or moving fluid around a 

solid and hot body with the intention of transferring that thermal energy from the hot body 

towards the fluid (Laidoudi et al. 2017; Rejeb et al. 2022; Hassen et al. 2013; Laidoudi et al. 

2021a; Selimefendigil et al. 2018). This type of study can be used to develop high-performance 

thermal exchangers, accelerate the cooling process in electronic systems, works related to medical 

products, solar collectors and other applications. 

Through the previous papers, it was realized that thermal activity has a clear relationship 

with the quality of fluid, the shape of the body and its temperature, in addition to the external 

factors such as the presence of relative forces. For example, Darzi et al. (2017) conducted an in-

depth study on the positioning of two hot bodies inside a square room with the effect of thermal 

buoyancy. Also, the upper wall of the room moves from left to right in an ordinary and steady 

manner. The purpose of this research is to develop the thermal regime of hot bodies by 

determining the position that allows the raise of thermal activity. Mishra et al. (2017) presented 

a paper on the rheological effects of the fluid on heated bodies trapped in a chamber with two 

openings for the entry and exit of the fluid. This work was done without the influence of any 

external force and by not applying the effect of thermal buoyancy. The work mainly focused on 

clarifying the behavior of the rheological properties of the fluid and the positioning of the bodies 

on the thermal activity.  Karimi et al. (2016) focused on presenting a study aimed at determining 

the effect of body size on thermal activity. This research was conducted inside a chamber with 

two equal and opposite openings. Thermal activity occurs under the influence of thermal 

buoyancy factor. Chatterjee et al. (2014) conducted an investigation in which they combined the 

effect of factors on the thermal activity of a system consisting essentially of two hot bodies 

enclosed in a closed chamber with cold walls. The two bodies also rotate at a constant speed. 

Also, there is an effect of the applied magnetic field at a fixed angle. The results show how the 

magnetic field affects the thermal behavior of the system. Talkhoncheh et al. (2016) included the 

impact of time on thermal activity of hot bodies inside a ventilated room. The results showed that 

there is an effect of time when the velocity of the fluid entering the chamber is very high. This 

effect was manifested in the presence of changes in thermal activity in terms of time for a constant 

velocity. Park et al. (2012) presented an investigation showing the relationship between the 

placement/size of hot bodies and heat transfer in a closed room without the impact of magnetic. 

The fluid is moving here as a result of thermal buoyancy. Chatterjee et al. (2017) also presented 

a very important paper where they combined the effect of rotating hot bodies with the magnetic 

field inside a closed room. A strong evolution of thermal activity in terms of rotational speed was 

understood. Laidoudi et al. (2021b) studied the thermal activity between two thermally different 

objects locked inside an isolated room. The aim of the study was to evaluate the thermal activity 

between the two elements under a set of conditions. The work was done without the inclusion of 

the Lorentz force, but with the effect of thermal buoyancy. 

Recently, a significant number of studies have appeared that study the thermal activity and 

the element affecting it for hot bodies trapped in closed room. Among these researches, there is 

a tendency to study the geometrical form of the system (El-Shorbagy et al. 2021; Mostafa et al. 

2011; Ghasemi et al. 2020; Selimefendigil et al. 2015; Selimefendigil et al. 2020; Laidoudi et al. 

2021c; Yang et al. 2020). There are those who mainly care about the geometric shape of the 

trapped bodies, such as Zeitoun et al. 2011; Laidoudi et al. 2020a; Rashidi et al. 2013; Laidoudi 

et al. 2022a; and Mourad et al. 2021. While others cared about the shape of the chamber (Tayebi 
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et al. 2021; Farahani et al. 2022; Aliouane et al. 2021; Aissa et al. 2022a; Aissa et al. 2022b). In 

the end, an important rule was understood, which is that the geometry of the thermal system has 

an important role in heat transfer, and it must be studied in each case according to the proposed 

system. On other hand, some researchers studied the fluid quality and its effect on the thermal 

evolution of the system. Some of them used non-Newtonian fluids (Guendouci et al. 2021; 

Laidoudi et al. 2022b; Yigit et al. 2017; Laidoudi et al. 2020b; Matin et al. 2013; Ramla et al. 

2022), while others exploited nanofluids in order to augment the thermal comportment (Garoosi 

et al. 2014; Sheikholeslami et al. 2015; Maneengam et al. 2022; Laidoudi et al. 2022c). In the 

end, it was understood that the type of fluid and its behavior relatively affect the thermal activity, 

and that this effect varies from one thermal system to another. 

Through our treatment of this subject, it turns out that the use of nanofluids plays an 

important role in strengthening thermal activity, especially if the studied system is applied to a 

magnetic field. Most of the studies did not take into account the effect of nanoparticle size on the 

thermal activity and fluid dynamic pattern. So, we conducted this work to reinforce the findings 

around this idea. This paper combines the geometrical effects of the system and fluid quality on 

thermal transfer of heated bodies inside a closed room. The issues addressed here are: the 

magnetic field strength and angle of application, thermal buoyancy intensity and nanoparticle size 

in addition to its density.      

2. Geometrical presentation  

The cooling system CPU presented in the present paper is one of the hydraulic heat sinks type 

using the latest technology in thermal applications (Alsarraf et al. 2020). This technology uses a 

special type of heat transfer fluid called nanofluid. The heat sink is installed on a central 

processing unit CPU where several pipes and fins are installed to enhance the cooling efficiency. 

In addition, there is an empty space between the fins and the pipes where a nanofluid is filled to 

increase the efficiency of the cooling system (Fig. 1). Due to the symmetry of the problem, the 

studied geometry is reduced to a two-dimensional square cavity of length H filled with 

alumina/water nanofluid as shown in Fig. 2. The right and left walls are maintained at a cold 

temperature (Tc) according to the fins effect. However, the top and bottom walls are considered 

adiabatic. Moreover, four pipes of circular cross section, of diameter D, symmetrical to the center 

of the cavity and speared with a distance L are introduced in the middle of the cavity where each 

one is maintained at a hot temperature Th. Furthermore, a uniform magnetic field is applied to 

the cavity with an intensity of B0 as shown in Fig. 2. 

The present investigation consists of analyzing the heat transfer performances of this type of 

heat sinks by considering the effects of Brownian motion and thermophoretic diffusion that occur 

due to the presence of nanoparticles suspended in the pure water used. The analysis is based on 

the effect of the nanoparticles migration on the cooling rate within the cooling dispositive. On the 

other hand, the effect of the magnetic field intensity and its direction on the cooling rate of this 

type of electronic component is also analyzed. 

We also present a geometric analysis of the effect of installing zigzag fins on the cooling 

capacity within the presented heat sink. Indeed, as in most of the cases, the corrugation extension 

of the walls of the heating or cooling surfaces increases. The new shape proposed in our paper is 

shown in Fig. 3. 

The thermo-physical proprieties of the nanofluid are considered constant. They are shown in 

Table 1. 



Yamina Anouar and Abderrahim Mokhefi: NUMERICAL INVESTIGATION OF THE NANOFLUID … 

 

16 

 

Fig. 1. 3D reduced geometry. 

 

Fig. 2. 2D heat sink section. 

(a)     (b) 

Fig. 3. Form of heat sink proposed in our study. (a) Block with zigzagged fins. (b) Zigzag 

shape. 

Physical 

properties 

Density 

[kg/m3] 

Dynamic 

viscosity 

[Pa.s] 

Thermal 

conductivity 

[W/(m.K)] 

Specific 

heat 

[J/(kg.K)] 

Electrical 

conductivity 

[S/m] 

Thermal 

expansion 

[1/K] 

water 997.1 0.001 0.613 4179 0.050 21.0×10-5 

Al2O3 3970 - 40.00 765.0 1×10-10 0.85×10-5 

Table 1. Physical properties of the base fluid and the nanoparticles. 
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3. Governing equations  

3.1. Dimensional governing equations 

On the two-dimensional domain schematized in Fig. 2, the equations that govern the 

magnetohydrodyn-amic natural convection are represented. Due to the study of the impact of the 

alumina nanoparticles migration on the heat transfer, the two-phase flow Buongiorno model is 

employed. Thus, the equations that express the mass conservation, momentum (Navier-Stokes), 

energy, and nanoparticles migration are used to model the heat transfer within the heat sink.  In 

fact, the two-phase Buongiorno model is used to study the effects of Brownian motion and 

thermophoresis of nanoparticles on the flow intensity, the heat transfer and the mass transfer. In 

this model, the spatio-temporal distribution of nanoparticle concentrations within the base fluid 

is considered non-homogeneous. This model focuses on a full coupling between the mathematical 

equations governing the study, by introducing very specific boundary conditions that express the 

displacement of nanoparticles under the effect of thermo-mass gradients. In order to simplify the 

study, it has been taken into account that: 

 The fluid is considered as a homogeneous and isotropic medium.  

 The flow in the cavity is laminar incompressible. This is obtained by reducing the buoyancy 

force. 

 The physical parameters of the Newtonian nanofluid with Al2O3 nanoparticles, have been 

introduced in the differential system through the correlations of the nanometric suspension 

quoted in the literature. 

 Radiation, work under pressure and viscous dissipations are all neglected in this study.  

 The physical properties of the base fluid as well as the nanoparticles are all considered 

constant, with the exception of the density of the base fluid which, by its change as a function 

of temperature creates a force called buoyancy. This force is introduced in the vertical 

direction through the Boussinesq approximation. 

Mass equation  

 0
u v

x y

 
 

 
 (1) 

Momentum equations 

 
2 2

2

nf nf nf 02 2
( cos sin sin )

u u u p u u
u v B v u

t x y x x y
     

       
         

        
 (2) 

 

 

2 2

nf nf 2 2

2

nf 0 nf nf c( cos sin cos )

v v v p v v
u v

t x y y x y

B u v g T T

 

     

       
        

        

   

 (3) 

Energy equation 
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2 2

nf 2 2

22

B

T

c

T T T T T T T
u v D

t x y x x y yx y

D T T

T x y

 


           
         

          

    
    

     

 (4) 

Nanoparticles equation 

 
2 2 2 2

2 2 2 2

T

B

c

D T T
u v D

t x y Tx y x y

             
        

         
 (5) 

3.2. Dimensionless governing equations 

In order to make the studied problem more general, a set of dimensionless variables has been 

introduced in equations Eqs. (1)-(5) as follows: 

 
2

c

2

nf nf h c 0nf nf

,  ,  ,  ,  ,  ,  
T Tx y uH vH pH

X Y U V P
H H T T


 

   


      


 (6) 

After substituting the formula Eq. (6) in the balances Eqs. (1)-(5), they become: 

Dimensionless Mass equation 

 0
U V

X Y

 
 

 
 (7) 

 

2 2

nf f

2 2

f nf

2f nf

nf f

Pr

Pr Ha ( cos sin sin )

U U U P U U
U V

X Y X X Y

V U

 

  

 
  

 

      
       

      



 (8) 

 

2 2

nf f

2 2

f nf

2f nf nf

nf f f

Pr

Pr Ha ( cos sin cos ) Ra Pr

V V V P V V
U V

X Y X X Y

U V

 

  

  
   

  

      
       

      

 

 (9) 

 

2 2

f

B2 2

nf

2 2

f

T

nf

N

N

k
U V

X Y k X X Y YX Y

k

k X Y

        



 

         
       

         

     
    

      

 (10) 

 
2 2 2 2

nf T

2 2 2 2

f B

N1

Le N
U V

X Y X Y X Y

      

 

          
         

           

 (11) 

The dimensionless stream function ψ is used to represent the streamlines of a fluid along 

which this function is constant. It can be calculated by: 
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 ,V and U
V Y

  
  

 
 (12) 

The solution of these last two equations amounts to the solution of the Poisson equation 

obtained by deriving the two members of each equation respectively with respect to X and Y. 

This equation is defined by: 

 
2 2

2 2

V U

X YX Y

    
   

  
 (13) 

From the equations Eqs. (7)-(11), many dimensionless numbers appear, namely: the Rayleigh 

number (Ra), the Hartmann number (Ha), the Prandtl number (Pr), the Lewis number (Le), the 

number of Brownian motion (NB), the number of thermophoresis (NT) and the ratio of mass 

buoyancy (Nr) defined respectively by: 

 
 

3

f h c f f

0

f f f f f

p p p p 0

B 0 T r

f f 0

( )
Ra , Ha , Pr , Le ,

( )
N , N , N

( )(1 )

B

B T h c p f

c f f h c

g H T T k
B H

CpD

Cp D Cp D T T

k k T T T

  

     

    


  


   

 
  

 

 (14) 

The electrical conductivity, density, volumetric expansion coefficient, thermal capacity, 

thermal conductivity coefficient and dynamic viscosity of the nanofluid are respectively 

calculated under the following relationships using the properties of the nanoparticles and the base 

fluid: 

 nf f p(1 )       (15) 

 nf f p(1 )       (16) 

 nf f p( ) (1 )( ) ( )        (17) 

 p nf p f p p( ) (1 )( ) ( )c c c        (18) 

 nf

nf

p nf
( )

k

c



  (19) 

 f

nf 2.5
(1 )








 (20) 

 
p f f pnf

f p f f p

2 2 ( )

2 ( )

k k k kk

k k k k k





  


  
 (21) 

The coefficient of Brownian motion DB and thermophoresis DT are calculated by the 

following formulas: 

 f f

0

f p f p f

, 0.26
3 2

B c

B T

k T k
D andD

d k k




 
 


 (22) 
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3.3. Initial boundary conditions 

The system of governing differential equations is provided with the following boundary 

conditions. For convenience, we restrict ourselves to the dimensionless case: 

At the initial time τ = 0: 

In the integer domain 

 0 ( 0), 0 1U V and        (23) 

At the initial time τ ≥ 0 : 

Left and right walls X = 0 and X = 1. 

 B T0 ( 0), 0, N N 0U V
N N

 


 
      

 
 (24) 

Lower and upper wall Y = 0 and Y = 1. 

 0 ( 0), 0U V
N N

  
     

 
 (25) 

The walls of the tubes 

 B T0 ( 0), 1 N N 0U V and
N N

 


 
      

 
 (26) 

3.4. Heat transfer rates 

For nanofluid, the Nusselt number is numerically calculated at any position (local Nusselt) by the 

formula: 

 nf

f

Nu
k

k N


 


 (27) 

The instantaneous average Nusselt number presents the average of the local Nusselt number 

in the hot surface (hot pipes). It is calculated as follows: 

 
hot walls

1
Nu Nu ds

L
   (28) 

In the case of the thermal cooling, since the wall of the four pipes are hot, the instantaneous 

average Nusselt number is often calculated at these circular walls (side surface of each tube). The 

cooling rate is calculated for two Nusselt number values, one is initial Nui and the other is final 

Nuf as follows: 

 
f i

i

Nu Nu
%C 100%

Nu


   (29) 
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4. Computational details  

4.1. Convergence mesh  

The system of equations Eqs. (7)-(11) with boundary conditions Eqs. (23)-(26) is solved by the 

predefined finite element method under COMSOL Multiphysics 5.6. The principle of meshing is 

to partition the geometric model into several triangles, except for the walls of the cavity, where a 

rectangular grid has been integrated for adapting the flow pattern, see Fig. 4. Moreover, the 

adopted mesh is refined close to these walls of the studied cavity. The convergence procedure has 

been done according to the nonlinear Newton solver. The resolution is considered to be valid 

when the absolute error between the new and the old value of each dependent variable becomes 

less than 10-6. 

4.2. Mesh check refinement  

In order to certify the numerical results, the obtained values of certain important global 

characteristics from the computational code should be independent of the elements that form the 

grid mesh and should not be modified by changing the number of these elements. Therefore, 

several meshes have been tested for achieving this aim. Table 2 shows the elements number used 

in the simulation and the evolution of the Nusselt number (Nu). The mesh test has been performed 

for the Nusselt number, the average temperature and the average nanoparticles concentration in 

the case of a zigzagged cavity with an amplitude of0.03 and zigzag number 10. The nanofluid 

flowing at a concentration φ = 0.03 at Ra = 105 and Ha = 20. After a several simulations following 

the mesh shown in Table 2, it has been opted for a mesh corresponding to an elements number 

equal 27990. Moreover, in this case, the computation time is not too important.  

    

Fig. 4. Mesh of the study domain. 

The calculation has been performed by COMSOL Multiphysics 5.6 software, installed on 

Windows 10. The microcomputer is of type ASUS of 12 GB of RAM with the following 

processor characteristics: Intel(R) Core(TM) i7-8550U CPU, of basic frequency of 1.80 GHz 

boosted up to 4 GHz in case of necessity. 
 

Elements number  15666 19226 27990 37900 

Time 647 s 647 s 649 s 703 s 

Nusselt Number 4.82343 4.82343 4.82343 4.82343 

Average temperature 0.64048 0.64048 0.64048 0.64048 

Average concentration 0.99985 0.99985 0.99985 0.99985 

Table 2. Nusselt number for several numbers of elements. 
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4.3. Validation  

In order to certify the reliability of the numerical simulation and the conformity of the results, we 

found it necessary to validate the present simulations with previous papers existing in the 

literature corresponding to the present research focus. Hence, we referred to the paper of Alsarraf 

et al. 2020. Following the same conditions as in their paper, the thermal profile (Fig. 5.) as well 

as the variation curve of the average Nusselt number (Fig. 6.) have been showed from the present 

study compared to the reference (Alsarraf et al. 2020). It seems clear that the present results show 

good agreement. 

 

Present work                   Alsarraf et al. 2020  

Fig. 5. Comparison of the isotherms of the present study with those of the reference (Alsarraf et 

al. 2020) for Ra = 106, Ha = 50 and φ = 0.03 and γ = 45°. 

 

Fig. 6. Comparison of the average Nusselt as a function of Ra of our result with that of the 

reference (Alsarraf et al. 2020) for Ha = 50, φ = 0.03 and γ = 0. 

Ra Vahl Davis  

1983  

Alsarraf et al. 2020  Fusegi et al. 

1991  

Present 

work 

103 1.118 1.121 1.141 1.130 

104 2.243 2.245 2.290 2.320 

105 4.519 4.519 4.964 4.806 

106 8.799 8.808 - 9.371 

Max error (%) 6.5 6.5 6.3 - 

Table 3. Maximum error of the mean Nusselt number compared to the literature (Alsarraf et al. 

2020). 
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In this section, we considered it necessary to establish the rate of deviation of the average 

Nusselt number calculated from the code used from the well-known reference paper in the field, 

we are talking here about the Vahl Devis (1983) model. Comparing the maximum relative 

computational error of our numerical results with those mentioned in Table 2, we observe that it 

does not exceed 7%. This presents an excellent deviation rate for a numerical calculation 

performed with such a calculation station. Thus, we see that our results are reliable, stable and 

consistent, which leads to a good way to introduce any new contribution. 

5. Results and discussion  

The numerical results are classified for the case of a standard geometry and then for a proposed 

configuration as a contribution (zigzagged fins). For the nanofluid alumina-water, the velocity 

profiles, the stream functions, the temperature and nanoparticles local concentration are 

presented. Moreover, in order to visualize the heat transfer rate of the heat sink, the average total 

Nusselt number as function of time as well as the average Nusselt number for each pipe are 

presented according to different parameters. The numerical simulation is based on highlighting 

the effect of the Rayleigh number (Ra = 103 to 106), the Hartmann number (Ha = 0 to 100), the 

magnetic field tilt angle (γ = 0° to 180°) and theamplitude of the zigzagged walls on the capacity 

of cooling inside the natural heat sink. It should be noted that, the Prandtl number and the mean 

concentration of the alumina nanoparticleshave respectively been set at Pr = 6.8 and φ0 = 0.04. 

As for the two-phase flow model, the influence of the diameter of the Alumina nanoparticles has 

been highlighted on the studied behaviors (dp = 1 nm to 10 nm).  

5.1. Effect of buoyancy 

In the present investigation varying Rayleigh number corresponds to the increase in the four 

cooling pipes temperature following an important thermal generation from the CPU. It can also 

correspond to the decrease of the temperature of the surrounding environment, for example: the 

temperature of the room in which the PC is located (for example in the summer and in the winter). 

Fig. 7 shows the distribution of nanoparticles, the temperature, and the stream function within 

the implemented heat sink for different values of the Rayleigh number. The Hartmann number as 

well as the magnetic field tilt angle are respectively set at 0 and 45°. From the stream function 

pattern, the density of the nanofluid flow in the vicinity of the four hot pipes walls decreases with 

the rise of the Rayleigh number. Indeed, this favors the creation of a buoyancy force that leads to 

the displacement of the hot fluid towards the top of the cavity where the cold fluid moves 

downwards. On the other hand, the size of the thermal boundary layer increases with the increase 

in buoyancy intensity especially in the upper part of the heatsink. From Fig. 7, it can be seen a 

symmetry of the temperature profile with respect to the horizontal median line for the lowest 

Rayleigh value (Ra = 103). This symmetry is lost as the Rayleigh values are increased where the 

hot thermal profile moves towards the top of the heatsink.  

The distribution of nanoparticles for the case of Rayleigh number of 103 is more important 

in the immediate vicinity of the cold walls, i.e. the vertical walls of the dissipater. However, it 

takes its minimum in the vicinity of the walls of the four hot pipes, particularly at the level of the 

arcs which are exposed to the vertical walls. Indeed, this phenomenon is due to the migration of 

the nanoparticles towards the low temperature zones by the effect of the thermophoretic diffusion. 

Moreover, as the buoyancy intensity increases following an increase of the Rayleigh number up 

to 106, the concentration of nanoparticles becomes more and more important in the lower part of 

the dissipater. This is due to the decrease of the temperature of the lower part of the heatsink by 

the impact of buoyancy and its increase in the upper part. 
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The flow streamlines corresponding to each thermal profile for the different values of the 

Rayleigh number show a quasi-similarity with the thermal behavior. Indeed, the hydrodynamic 

structure strongly affects the thermal profile. Thus, the formation of vortices following an 

increase in buoyancy between the four pipes is directly responsible for the decrease in 

temperature in this area. In addition, the maximum stream function increases with the increase of 

the Rayleigh number which means an increase of the nanofluid flow intensity in the heat sink 

thus, the favor of the heat transfers free convection mode. 

Fig. 8 shows the temporal variation of the average Nusselt number of the four hot pipes for 

various values of the Rayleigh number. This dimensionless number allows to the evaluation of 

the efficiency of the heat exchange rate explicitly as a function of the Rayleigh number. 

Moreover, regardless of the value of the latter number, the Nusselt number decreases over time 

until reaching a steady value, indicating consequently the completion of the steady state on the 

one hand and the formation of a steady thermal boundary layer on the other hand. Furthermore, 

from Fig. 8, it is clear that the dimensionless time τ =0.1 corresponds accurately to a steady state, 

however for convenience, we have set the time of stability in the whole investigation at the 

dimensionless instant τ = 1. The decrease of the Nusselt number as a function of time starts from 

an infinite value at τ =0. 
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Fig. 7. Iso-concentrations, isotherms and streamlines for different Rayleigh numbers at Pr = 6.8, 

Ha = 0 and φ0 = 0.04. 

This infinite value is obtained according to the initial conditions adopted in the present study 

with, however, very large thermal gradients at the hot walls of the four pipes. It should be noted 

that the value of the average Nusselt number in the case of stability is taken as the main value for 

the thermal efficiency analysis. 



Yamina Anouar and Abderrahim Mokhefi: NUMERICAL INVESTIGATION OF THE NANOFLUID … 

 

26 

To better understand the thermal behavior and the average heat transfer rate obtained at the 

level of each pipe among the four pipes, it has been found it useful to present the variation of the 

average Nusselt number corresponding to the steady state for the four pipes in the case of different 

Rayleigh number values as shown in Fig. 9. From this figure, it has been noted that the most 

important thermal exchanges occur at the circumferences of the pipes (2) and (3) located in the 

lower part of the heat sink whatever the value of the Rayleigh number. In fact, due to the decrease 

in temperature in this area the thermal rate is greater. On the other hand, as the Rayleigh number 

increases up to the value of 105 the heat transfer rate decreases in the two upper pipes, beyond 

this value it increases. This is a result of the accumulation of the hot nanofluid in the upper part 

of the cavity by the influence of buoyancy. However, a significant elevation in terms of buoyancy, 

favors all the more the natural convective flow stream, and consequently, the stimulation of 

thermal exchanges. It is worth noting that, although the increase in Rayleigh number in the range 

of 103 to 105 favored the heat exchanges near the walls of the two lower pipes, on the other hand, 

reduced these changes near the upper pipes, the overall heat transfer rate of the four pipes 

increased. This increase is due to the importance of the improved heat exchanges in the lower 

pipes compared to those reduced in the upper pipes. 

 

Fig. 8. Average Nusselt number as function of time for different values of Rayleigh number at 

and φ0 = 0.04, Pr = 6.8 and Ha = 0. 

 

Fig. 9. Average Nusselt number for each pipe for different values of Rayleigh number at φ0 = 

0.04, Pr = 6.8 and Ha = 20. 
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5.2. Effect of magnetic field  

The non-dimensional analyses provide a generalized qualitative as well as quantitative vision on 

the behavior of nanofluids electrically conductor subjecting a magnetic field. In this case, the 

Hartmann number is a dimensionless quantity that reflects all the effects of the magnetic flux 

density on the hydrodynamic, thermal and mass states. Thus, the change of the Hartmann number 

depends on the variation of the intensity in terms of magnetic field. 

Fig. 10 shows the influence of the Hartmann number on the local distribution of 

nanoparticles, the temperature profile, and the streamlines. It is noted that the Rayleigh number 

was set to 105 and the magnetic field tilt angle to 45°. From this figure, the increase of the 

Hartmann number reduces noticeably the flow intensity. Indeed, the maximum stream function 

is decreased from 5.56 to 1.02. Moreover, the effect of field tilt appears in the case of Hartmann 

number 80 and 100 where the recirculation loops are tilted by an angle of 45° compared to the 

case of the absence of the magnetic field (Ha = 0). According to the analysis of the temperature 

contours, it is found that the magnetic field density acts in the opposite direction of buoyancy. In 

fact, the buoyancy force stimulates the displacement of the hot thermal profile towards the top of 

the heatsink. However, the magnetic field expressed by the impact of the Lorentz force favors the 

hot profile to return to the state of the absence of buoyancy and move towards the bottom of the 

heatsink. Regarding the concentration of Alumina nanoparticles, its distribution is strongly 

influenced by the direction of the magnetic field (of 45°). With the increase of the Hartmann 

number, the migration of nanoparticles under the influence of the magnetic field intensifies. 

Indeed, the accumulation of nanoparticles near the right wall is observed by the effect of the 

magnetic field. 

Fig. 11 shows the time distribution of the average Nusselt number for different values of the 

Hartmann number. In the steady state, it has been shown that the Nusselt number decreases as the 

Hartmann number increases. In other words, the addition of a magnetic field tilted by an angle of 

45° prevents the rate of heat exchange within the present electronic heatsink, which leads to poor 

CPU cooling. In the real case, the leakage in terms of magnetic field lines does not have a precise 

direction, and therefore, further investigation of the effect of the angle of inclination of the 

magnetic field would have allowed us to identify all the cases that can occur with temperatures 

and concentrations almost similar to those found in this section. 

Fig. 12 shows the variation of the average Nusselt number corresponding to the stability case 

for different values of the Hartmann number. The analysis of this figure highlights the true 

interpretation of the decrease in the overall value of the average Nusselt number discussed earlier. 

In contrast to the case of the influence of buoyancy, it is seen that an increase in the Hartmann 

number in the range of 0 to 30 causes a decrease in the heat exchange rates in the four hot pipes. 

However, in the range of Hartmann number from 40 to 100, it is still observed a decrease in heat 

capacity in the two lower pipes. While it is noticed a relative improvement of this capacity near 

the two upper pipes. Overall, the high magnetic field strengths in a 45° direction improve the 

cooling rate in the lower part of such a heatsink. For this purpose, and to prevent the attenuation 

of the cooling capacity, it has been suggested the installation of the four pipes of the heatsink in 

its lower part in a way studied on the economic and technological levels. 
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Fig. 10. Iso-concentration, isotherms and Streamlines for different Hartmann numbers and Pr = 

6.8 and Ra = 105. 
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Fig. 11. Average Nusselt number versus time for different values of Hartmann number at Pr = 

6.8, γ = 45° and Ra = 105. 

 

Fig. 12. Average Nusselt number for each cylinder for different values of Hartmann number at 

Pr = 6.8 and Ra = 105. 

5.3. Effect of angle of inclination of the magnetic field   

In this part, the influence of the angle of the magnetic field on the capacity of the heat transfer, 

the structure of the flow and the situation of distribution of the nanoparticles within the heat sink 

is analyzed. In fact, as we do not know the direction of the magnetic field applied or generated 

by the electronic components surrounding the heat sink, the extraction of the effect of the 

inclination angle is presented as a probabilistic investigation on the possibilities of the directions 

that can appear there. 

Fig. 13 shows the nanoparticle distribution, temperature profile as well as the streamlines of 

the nanofluid flow within the heat sink for different values of the magnetic field tilt angle. Here, 

the Hartmann number has been fixed at the value of 20. The nanofluid flow within the heat sink 

is strongly influenced by the increase of the magnetic field inclination angle from a value of 0° 

corresponding to a Lorentz force applied in the direction of gravity to a value of 90° 

corresponding to a magnetic force acting in the opposite direction of gravity. In the first case, the 

flow intensity is entirely weak, where it is noticed the development of several dead recirculation 
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zones. As the angle of inclination of the magnetic field increases (at 30° and 60°), the intensity 

of the flow becomes more significant and the low velocity recirculation zones begin to disappear. 

In this case, the streamlines tilt in accordance with the magnetic field tilt. Then, in the case of an 

angle of inclination of 90°, the nanofluid flow intensifies, the trajectories return to their vertical 

state and the dead zones are disappeared. It should be noted that, the maximum value of the stream 

function increases from a value of 0.58 to 2.08 in the range of variation of the magnetic field 

angle. Moreover, it appears from this figure that the temperature contours are not totally affected 

by the increase of the Hartmann number. However, an in-depth analysis of this behavior can be 

done from the graphs. As for the distribution of the nanoparticle concentration in the heatsink 

assembly, it isfound that the direction of the magnetic field appears as a direct influencing factor. 

Indeed, the localization of the nanoparticles within the electronic heat sink strongly depends on 

the direction of the magnetic field lines. Furthermore, in the case of a 90° angle where the Lorentz 

force is directed in the opposite direction of gravity, the migration of nanoparticles is favored 

towards the upper part of the heatsink. This migration was present due to the moderation of the 

electrical conductivity of alumina nanoparticles. 

Fig. 14 shows the evolution of the average Nusselt number of the four heatsink pipes as a 

function of time for different magnetic field tilt angles. It has been shown that the Nusselt number 

increases relatively by about 8.7% with an increase in the magnetic field tilt angle from 0° to 90°. 

This increase is mainly due to the influence of the magnetic field tilt angle on the two lower pipes 

of the heatsink especially pipe (2) which is directly exposed to tilted magnetic field lines, see Fig. 

15. 
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Fig. 13. Iso-concentration, isotherms and Streamlines for different magnetic field tilt angles and 

Pr = 6.8 and Ha = 20. 
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Fig. 14. Average Nusselt number versus time for different magnetic field tilt angles at Pr = 6.8 

and Ra = 105. 

 

Fig. 15. Average Nusselt number for each cylinder for different magnetic field tilt angles at Pr 

= 6.8 and Ra = 105. 

5.4. Effect of nanoparticles diameter  

In nanofluid dynamics, the size of the nanoparticles suspended in the base fluid as well as their 

shape influence the rate of thermal exchanges while promoting or delaying the intensity of 

disordered and random movements due to the difference in local concentrations of the 

nanoparticles that are in contact with the molecules of the base fluid. This is called Brownian 

motion. In nano-fluidics, Brownian diffusion is an intrinsic characteristic of this type of fluid 

where the diameter of each nanoparticle can cause relative or even important changes in thermal 

exchanges. In this section we highlight the impact of the diameter of the alumina nanoparticles 

on the heat transfer rate within the heat sink for CPU cooling applications. Due to the choice of 

the Buongiorno mathematical model governing the present studied phenomenon we have limited 

ourselves to the case of diameters less than 10 nm. 

Fig. 16 shows the distribution of nanoparticles concentration, temperature contours as well 

as flow stream functions for different diameters of alumina nanoparticles. The global analysis of 

this figure shows that the diameter of the nanoparticles has no significant influence on the thermal 

and hydrodynamic behavior. Indeed, we do not record any change in terms of isotherms and 

stream function. On the other hand, the disposition or the migration rate of the nanoparticles is 

strongly influenced by increasing the diameter of the alumina nanoparticles. Effectively, the 

nanoparticles concentration increases in the lower part of the electronic heat sink and decreases 
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in its upper part. The increase in the diameter of the nanoparticles leads to an increase in its mass, 

and consequently, the migration rate of the nanoparticles under the gravitational effect becomes 

more significant. In the latter case, the intensity of collisions between water molecules and 

alumina nanoparticles decreases significantly due to the agglomeration and sedimentation of 

these nanoparticles at the bottom of the heat sink. However, this phenomenon of sedimentation 

and agglomeration did not lead to any visible impact on the thermal and hydrodynamic structures. 

The analysis of Fig. 17 illustrating the variation of the average Nusselt number of the four 

pipes over time as well as its average value for each pipe as shown in Fig. 18 allowed us to 

confirm all the observations made during the analysis of Fig. 15. Indeed, the increase in the 

diameter of the nanoparticles has no influence on the rate of heat exchange within our electronic 

heat sink. However, a zoom in in a certain moment allowed us to observe that the rate of heat 

exchange tends to increase with the increase of the diameter of the alumina nanoparticles. This 

tendency of increase of the average Nusselt number is due to the tendency of increase of the 

thermal conductivity of the nanofluid on one hand, and to the decrease of the coefficient of the 

Brownian diffusion on the other hand. 
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Fig. 16. Iso-concentrations, isotherms and Streamlines for different diameters of nanoparticles 

at Pr = 6.8 and Ha = 20. 
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Fig. 17. Average Nusselt number versus time for different diameters of nanoparticles at Pr = 6.8 

and Ra = 105. 

 

Fig. 18. Average Nusselt number for each cylinder for different diameters of nanoparticles at Pr 

= 6.8 and Ra = 105. 

5.5. Influences of zigzagged walls 

Fig. 19 shows the nanoparticle concentration distribution, temperature contours as well as the 

streamlines for different amplitudes of the zigzagged walls namely the values: 0 (no zigzag), 0.01, 

0.03 and 0.05. From the streamlines, it is noted that with the increase of the amplitude of the 

zigzags the maximum value of the stream function decreases from 3.59 for the case of the 

standard heat sink to the value of 2.55 for the case of the zigzagged heat sink having an amplitude 

of 0.05. In addition, it is also noted the formation of dead recirculation zones at the level of the 

zigzagged cellars, especially those with the largest amplitudes and more particularly in the lower 

part of the electronic heatsink. In fact, the formation of dead zones leads to a significant reduction 

in terms of flow velocities, and consequently, a reduction in terms of hydrodynamic intensity. As 

for the structure of the isotherms, the cold thermal profile intensifies near the zigzagged walls by 

virtue of the extension of the surface in contact with the ambient air. In this case, the heat transfer 
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by conduction is favored in this zigzagged region (results of the formation of dead zones). The 

isotherm shapes remain globally identical far from the zigzagged walls whatever the zigzagging 

amplitude is. Thus, a further analysis from the graphs will allow us to better visualize the impact 

of zigzags on the thermal profile. 

The distribution of alumina nanoparticles within the studied heat sink is strongly influenced 

by the new proposed shape. Indeed, from the concentration contours, it is observed an important 

intensification in terms of nanoparticles migration towards the cellars included between the 

zigzags of the cold walls by comparing with their accumulation in the lower part of the standard 

heat sink. Effectively, the enlargement of the low temperature zones leads to the emergence of a 

considerable thermal gradient. This gradient favors the migration of the nanoparticles towards 

the low temperature zones under the effect of thermophoretic diffusion. It should also be noted 

that the development of dead zones between the zigzags presents another factor leading to the 

agglomeration of nanoparticles exceptionally in this kind of regions. 

Fig. 20 shows the distribution of the average Nusselt number as a function of time for 

different amplitudes of the zigzagged walls. It is observed that despite the reduction in the 

intensity of the hydrodynamic profile, the average Nusselt number increases as the amplitude 

increases. Indeed, the rate of heat exchange increases due to the tendency to the solidification 

state of the dead zones especially with the agglomeration of nanoparticles in this cold region. 

This is the impact of the high thermal conductivity in this area. Therefore, we took advantage of 

the thermophoretic migration to improve the heat transfer. 

Fig. 21 shows the evolution of the average Nusselt number for each hot pipe as a function of 

the amplitude of the zigzagged cold walls. We notice that the rate of heat exchange for the two 

upper pipes is improved as a function of the zigzagging amplitudes, while, we recorded a near 

reduction in terms of these exchanges at the lower pipes with however an improvement in the 

overall context. To better understand this, we proceeded to plot Nusselt number graphs for a 

significant number of the amplitudes, as shown in Fig. 22. Based on the findings from this figure, 

the use of zigzags as a means of improving heat exchange rates is not always reliable. Certainly, 

having refined the step change in zigzag amplitude, we found that heat exchange in this case tends 

to increase with amplitudes beyond 0.016. On the other hand, these exchanges tend to improve 

with amplitudes that lead to Nusselt numbers exceeding the value obtained in the standard case 

that is a zigzag with an amplitude of at least 0.028. If this is not the case, the use of the standard 

configuration is more useful. It should be noted that the rate of cooling improvement with 

zigzagged walls of 0.05 amplitude compared to the standard case reaches 4%. 
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Fig. 19. Iso-concentrations, isotherms and Streamlines for different diameters of nanoparticles 

at Pr = 6.8 and Ha = 20. 
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Fig. 20. Average Nusselt number versus time for different zigzag amplitudes at Pr = 6.8 and Ra 

= 105. 

 

Fig. 21. Average Nusselt number for each cylinder for different zigzag amplitudes at Pr = 6.8 

and Ra = 105. 

 

Fig. 22. Average Nusselt number at the stability time for different zigzag amplitudes at Pr = 6.8 

and Ra = 105. 
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6. Conclusions 

In this paper, we have presented the results of the numerical simulation of the two-phase 

Buongiorno flow of a nanofluid within an electronic heatsink designed for CPU cooling. The aim 

was to examine the influence of some global and geometrical parameters on the improvement of 

the cooling capacity, namely the effects of: buoyancy, magnetic field and its inclination, volume 

fraction of alumina nanoparticles and their diameter. As for the geometrical parameters, we 

proposed a new zigzag shape of the heatsink with different amplitudes. The main points that we 

can highlight from our investigation are the following: 

 The increase of the Rayleigh number favors the rate of thermal exchanges leading to the 

cooling of the processor. It corresponds to the increase of the thermal generation of the 

processor or the decrease of the temperature of the surrounding environment.  

 The cooling rate of the heatsink decreases in the case of application of a uniform magnetic 

field, however the inclination of this field has a positive influence on this rate. Indeed, we 

recorded an improvement rate of 8.7% with a magnetic field inclination of 90°.  

 The diameter of the alumina nanoparticles does not affect the cooling rate within our heat 

sink, however, it favors the migration of nanoparticles to the low areas where the 

nanoparticles are agglomerated. Thus, the intensity of Brownian motion decreases. 

 The new design of the zigzag heatsink that we proposed in our research is suitable with a 

state of cooling enhancement whose rate is about 4% in the case of a configuration with an 

amplitude of 0.05 compared to the standard configuration. We have further suggested such 

a design with amplitudes that exceed 0.028 for which an improvement in terms of heat 

exchange is assured.  

 The new design of the heat sink favors the migration of alumina nanoparticles to the cellars 

between the zigzags due to thermophoretic diffusion. Moreover, in these zones, we noted a 

formation of dead zones leading to the stagnation of the nano-fluidic flow between the 

zigzags. 
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