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Abstract 

The combined effect of Soret-Dufour, higher-order chemical reaction and variable 

thermophysical properties on nonlinear thermal and solutal convective flow of a non-Newtonian 

fluid (Casson nanofluid) over a slanted surface is analyzed. The nonlinear dimensionless 

equations governing the fluid flow are transformed into ordinary differential equations, using 

suitable similarity transformation variables. The flow fields and some characteristic numerical 

results are obtained from these equations, using collocation method with assumed Legendre 

functions of the first kind. These results are presented in the form of graphs and tables showing 

the impact of various parameters on the fluid flow, heat and mass characteristics. It is observed 

that a rise in chemical reaction parameter decreases the nanoparticle volume fraction while a 

higher order of chemical reaction makes it elevated. The velocity increases and temperature 

decreases with a rise in nonlinear thermal convection and higher value of nonlinear solutal 

convection has effect on the rise of velocity distribution. 

Keywords: Casson nanofluid, thermophysical properties, chemical reaction, Legendre   

polynomial, inclined surface. 

1. Introduction 

In the simultaneous occurrence of heat and mass transfer, with chemical reaction, the presence of 

foreign mass in water or air produces a type of chemical reaction which may either be presented 

naturally or mixed with water or air. Chemical reaction may either be homogeneous or 

heterogeneous in nature. When the reaction rate is directly proportional to the nth power of 

species concentration, it is said to be of order n (Hayat et al., 2011). The practical consequence is 

enormous in many branches of sciences and engineering. They are being used in the formation 

of new compounds from raw materials such as mineral ores, petroleum and thermite reaction to 

generate light and heat in pyrotechnics and wedding. (Loganathan et al., 2011). Casson nanofluid 

has gained increasing attention due to its applications in naturally occurring processes and 

industries involving fluid flow. Some of its applications are seen in cosmetic, pharmaceutical and 
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chemical industries in the manufacturing of china clay, paints, syrups, gas, juice, cleanser, 

chemicals, etc. (Chaoyang et al., 1989 and Jawad et al., 2016).  

These diverse applications encouraged researchers such as Gupta et al. (2018) to examine 

the impact of chemical reaction and radiation on mixed convective MHD stagnation point flow 

and heat transfer of nanofluid on a slanted stretching sheet. Gbadeyan et al. (2018) studied the 

effects of Dufour, Soret and chemical reaction with MHD flow on heat and mass transfer through 

a wavy channel. It was discovered that velocity and concentration accelerated with chemical 

reaction while temperature reversed the case. The nth order chemical reaction flow through an 

unsteady nano-bioconvective channel was studied by Faisal et al. (2021). They pointed out that 

mass transfer rate at the upper wall decreased and that of the lower wall increased with the 

destructive second order chemical reaction. Buongiorno (2006) investigated the convective 

transport in a nanofluid. Animasaun (2015) looked into the effects of thermophysical properties 

with nth order chemical reaction and suction on heat and mass transfer of non-darcian MHD 

dissipative Casson fluid. Oyekunle et al. (2021) examined the effects of Soret, Dufour and 

dissipation with chemical reaction on heat and mass transfer of MHD Casson nanofluid. It was 

recorded that a larger value of chemical reaction accelerated the velocity and reduced the 

concentration profiles. The impact of radiation and chemical reaction on unsteady MHD flow of 

nanofluid over a stretching sheet was investigated by Daniel et al. (2017).  

Thermophysical properties are very important and sensitive when it comes to rises in the 

temperature of the fluid. It causes a significant change in the fluid physical properties, especially 

in the lubrication theory which is usually affected by the increase in the temperature and heat 

generated from internal friction (Jawali and Chamkha, 2015, Akolade et al. 2021a). Unstable 

viscosity caused by variation in temperature is applicable in engineering and environmental when 

turbulent flow is encountered.  

These applications motivated researchers such as Jawali and Chamkha (2015) who registered 

the effects of variable viscosity and thermal conductivity on free convective viscous fluid flow 

through a vertical channel. It is noticed that the fluid flow and heat transfer accelerate with an 

increase in variable viscosity while the reverse is the case with a rise in variable thermal 

conductivity. The influence of thermophysical properties with convective heating and velocity 

slip on Casson nanofluid is analyzed by Gbadeyan et al. (2020). They discovered that fluid flow 

is enhanced while temperature and concentration decrease with a rise in the variable properties. 

The influence of the variable properties with Soret-Dufour on non-Newtonian fluid flow over a 

vertical porous plate is investigated by Idowu et al. (2020). The influence of variable properties 

on fluid flow through different geometries has also gained the attention of other researchers such 

as Salawu and Dada (2016), Malik et al. (2016), Shah et al. (2018), Hayat et al. (2016) and 

Umavathi et al. (2017). 

 Due to the applications of nonlinear thermal and solutal convective flow, as stated by (Patil 

and Kulkami, 2019) that it is useful when operating with high temperature in the field of 

engineering, sciences and industries, researchers Raju et al. (2017) and Raju et al. (2018) analyzed 

the effect of quadratic convection with time dependency and Darcy porous medium, respectively, 

on Casson fluid flow through the same geometry. They registered that higher value of quadratic 

convection increases the momentum of the fluid particles. Idowu et al. (2021) and Akolade el al. 

(2021b) analyzed the impacts of quadratic convection on MHD Casson fluid flow through 

different geometries. They recorded that a hike in nonlinear convection accelerates both velocity 

and temperature, while a reduction is noticed in concentration fields. Kumar and Sood (2016) 

observed that the flow fields are enhanced with a hike in nonlinear convection parameters in the 

study of the effects of quadratic convection on stagnation point of two-dimensional boundary 

layer flow over a shrinking sheet. Nagaendramma et al. (2018), Upadhya et al. (2018a), Upadhya 
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et al. (2018b), Ibrahim et al. (2017) among others also showed their interest in the impacts of 

nonlinear convection on fluid flow through different geometries.  

The analysis of the effects of variable thermophysical properties on nonlinear thermal and 

solutal convective flow of Casson nanofluid on a sloped surface with higher order chemical 

reaction is the focus of this paper. To the best of the authors’ knowledge, no attention has been 

given to this kind of research in the literature. The dimensional governing equations of the fluid 

flow are nondimensionalized and transformed to ordinary differential equations. In section 2, the 

model formulation and controlling systems of equation governing the flow system is discussed. 

In section 3, collocation method with the aid of assumed Legendre functions of the first kind and 

MATHEMATICAL 11.0 software is employed. Results of the emerging parameters are 

elucidated in section 4 while conclusions are drawn in section 5.  

2. Problem formulation 

An incompressible, two dimensional, laminal, steady, hydromagnetic Casson nanofluid flow with 

nonlinear convective and higher order chemical reaction is examined. The direction of the fluid 

flow parallel to the plate is taken as -axis, while -axis is taken perpendicular to it as shown 

in the physical geometry of the flow (Fig. 1). The induced magnetic field is negligible, as it is 

assumed very small compared to the applied magnetic field. Hence, there is application of 

variable magnetic field  and electrical field effect normal to the slanted plate, 

where  are the constant magnetic and electrical field, respectively.  and  are taken to 

be surface of the plate and ambient temperature while  and are taken to be wall and ambient 

mass transfer, respectively. 

 

Fig. 1. Physical geometry of the flow. 

From the assumptions stated above and the theory of the usual Boussinesq approximation, 

the fluid flow governing equations are (Oyekunle et al., 2021, Akolade et al., 2021a and Uddin 

et al., 2012). 
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The radiative heat flux, using Rossland approximation for diffusion is defined as 
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where  and are the Stefan-Boltzmann number and Rossland absorption constant, 

respectively. . 

Following, Idowu & Falodun (2020) and Akolade et al. (2021a), the thermal conductivity and   
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Introducing the following non-dimensional variables into equations (1)-(5) gives the equations in 

a dimensionless form. 
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The representation of each parameter in equation (14) is as stated in the nomenclature.  

The Stream function is taken as 

 , ,u v
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Introducing equation (15) into equations (9)-(13), equation (9) is identically satisfied while 
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To transform equations (16)-(19), the following similarity transformations are used. 
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The nomenclature states the representation of each parameter in equation (25). 

2.1 Flow characteristics 

The Nusselt ( ) and Sherwood ( ) are defined as ( Uddin et al., 2012) 
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Introducing equations (8), (15) and (20) into equation (26) results in the reduced Nusselt and 

Sherwood numbers, respectively, 
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Where the local Rayleigh number is .   

3. Method of solution 
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The unknown constants to be determined are ,  and . The generated equations of 

 algebraic system with  unknown coefficient is solved, using symbolic package 

of MATHEMATICA 11.0 with Newton iteration technique. Hence, the unknown constant , 

 and are determined and the flow distributions and characteristic solutions are obtained. 
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4. Results and Discussion 

Using the proposed method to solve equations (21)-(23) with boundary condition (24) for the 

flow fields and its characteristics, Fig. (2)-(11) depict the graphical representation of the solution 

for velocity, temperature and concentration, with fixed default values H=Bi=0.5, Pr=6.8, Ec=Df= 

G=0.01,Br=Tm=B=R=Nr=0.1, Da=10, Le=n=1.0, α=ϒ1= ϒ2=S=Sr=0.3,ϒ=0.2, β= , χ=ε=1.5 

(Uddin et al. 2012, Oyekunle et al. 2021, Gbadeyan et al. 2020). Table 1 shows the comparison 

of the Nusselt number of the present work with the work of Uddin et al. (2012) and Gbadeyan et 

al. (2020), which is found to be in an excellent agreement when the embedded parameters are set 

to zero. Table 2 presents the computational values of Nusselt and Sherwood numbers for various 

parameters of interest. The influence of the parameters considered on both Nusselt and Sherwood 

numbers are as shown in the table. 

Figure 2(a, b, c) depicts the effect of thermophoretic parameter (Tm) on the velocity (ϒ’), 

temperature (Θ) and nanoparticle volume fraction (Φ). It is realized that velocity and 

concentration increased while temperature decreased with a rise in the thermophoretic parameter. 

The Brownian motion (Br) impact on velocity, temperature and nanoparticle volume fraction is 

depicted in Fig. 3 (a, b, c). The figure shows that the velocity and temperature accelerate with 

Brownian motion, while a reduction in nanoparticle volume fraction is observed due to the 

interaction of the nanofluid particles that generated thermal energy to increase the fluid 

temperature. 

Fig. 4 presents the effect of viscosity (γ1) on (a) velocity (b) temperature profiles. The 

velocity diminished and the temperature elevated with a rise in γ1. The impact of thermal 

conductivity (γ2) on (a) velocity (b) temperature is displayed in Fig. 5. The figure clarifies that 

the velocity and temperature profiles increase with γ2. Physically, the thermal boundary layer 

generates heat due to higher thermal conductivity to elevate the temperature field.  

Fig. 6 depicts the influence of the nonlinear thermal convection (χ) on (a) velocity (b) 

temperature field. The velocity is increases and temperature decreases with an increase in thermal 

convection. The impact of nonlinear Solutal convection (ε) on the velocity is displayed in Fig. 

7(a). It is realized that a hike in the Solutal convection gives a slight increase in velocity profile. 

Physically, to predict an accurate heat and mass transfer across the flow field for the convection 

process, thermal conductivity material is required to be upgraded. The influence of nth order 

chemical reaction (n) on the nanoparticle volume fraction is presented in Fig. 7(b). It is observed 

that the nanoparticle volume fraction increased with the order of chemical reaction. 

Fig. 8 explains the influence of inclination angle (β) on the (a) velocity, (b) temperature and 

(c) concentration distributions. It is discovered that a rise in β reduces the velocity and accelerates 

temperature and concentration profiles. In the physical sense, the higher the inclination angles 

the more the external magnetic field is strengthened. The influence of chemical reaction 

parameter γ and Soret parameter Sr on nanoparticle volume fraction is shown in Fig. 9(a, b). It is 

recorded that a higher value of chemical reaction parameter diminished the nanoparticle volume 

fraction while a larger number of Sr elevated it. 

Fig. 10(a, b) depicts the influence of Dufour (Df) on the velocity and temperature, respectively. 

The velocity and temperature distributions increase with a higher value of Df. The energy flux 

generated due to the larger value of Df accelerate the fluid flow temperature. Fig. 11(a, b, c) 

reveals the effect of heat source (G) on the flow fields. It is realized that the velocity and 

temperature profiles are enhanced with a larger value of the heat source parameter, while the 

reverse is the case for the concentration profile. 

6
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Fig. 2. Influence of Tm on (a) velocity (b) temperature (c) concentration profiles. 



Timothy Lanre Oyekunle et al.: THE EFFECT OF THERMOPHYSICAL PROPERTIES… 

 

 

74 

 

Fig. 3. Impact of Br on (a) velocity (b) temperature (c) concentration profiles. 
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Fig. 4. Influence of γ1 on (a) velocity (b) temperature profiles. 

 

Fig. 5. Effect of γ2 on (a) velocity (b) temperature profiles. 
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Fig. 6. Effect of χ on (a) velocity (b) temperature profiles. 

 

Fig. 7. (a) Effect of ε on velocity profile (b) Effect of n on concentration profile. 
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Fig. 8. Influence of β on (a) velocity (b) temperature (c) concentration profiles. 
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Fig. 9. Impact of (a) γ (b) Sr on concentration profile. 

 

Fig. 10. Influence of Df on (a) velocity (b) temperature profiles. 
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Fig. 11. Effect of G on (a) velocity (b) temperature (c) concentration profiles. 

  Pr=1 Pr = 5 

Br -Nr Uddin, et al. 

(2012) 

Gbadeyan, 

et al. 

(2020) 

Present 

work 

Uddin, et al. 

(2012) 

Gbadeyan, 

et al. 

(2020) 

Present 

work 

 

0.1 

0 

0.2 

0.4 

0.34257 

0.33659 

0.33012 

0.342575 

0.336593 

0.330127 

0.34257 

0.33659 

0.33013 

0.38395 

0.37734 

0.37024 

0.383959 

0.377351 

0.370246 

0.38375 

0.37716 

0.37007 

 

0.3 

0 

0.2 

0.4 

0.2960 

0.29178 

0.28724 

0.295999 

0.291778 

0.287244 

0.2960 

0.29177 

0.28724 

0.33288 

0.32821 

0.32322 

0.332884 

0.328211 

0.323225 

0.33269 

0.32804 

0.32308 

Table 1. Nusselt number comparison of the work of Gbadeyan et al. (2020) and Uddin et al. 

(2012) with the present work, for the values of Da= α=∞, Tm=0.1, Le=Bi=10, n=1, 

H=R=Ec=G=Df=Sr= ϒ =B=ϒ1= ϒ2 =   =   =S= β=0. 
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Df Sr G Ec H R Da S Bi Le ϒ - ’(0) - ’(0) 

0.01 0.3 0.01 0.01 0.5 0.1 1.0 0.3 0.5 1.0 0.2 0.1236 0.4948 

0.05           0.1176 0.5054 

 0.6          0.1238 0.4850 

  0.03         0.1108 0.5160 

   0.05        0.1212 0.4990 

    1.0       0.1236 0.4947 

     0.5      0.1170 0.5014 

      5.0     0.1630 0.5160 

       0.6    0.1269 0.4971 

        1.0   0.1557 0.4960 

         3.0  0.1197 0.8957 

          0.6 0.1204 0.8170 

Table 2. Computational values of Nusselt and Sherwood number for various parameters of 

interest. 

5. Conclusions 

A numerical study on the effect of variable thermophysical properties on nonlinear thermal and 

Solutal convective flow of Casson nanofluid over an inclined surface with nth-order chemical 

reaction is carried out. The equations governing the fluid flow are nondimensionalized and 

transformed into nonlinear ordinary differential equations, using the appropriate nondimensional 

variables and similarity transformations, respectively. The solutions of the equations are obtained 

using a collocation method with the aid of assumed Legendre functions of the first kind and 

MATHEMATICA 11.0 software. The numerical results of the fluid flow and its characteristics 

are discussed for various physical parameters of interest. These are presented through graphs and 

tables. From the discussion of the results, the following observations are made: 

1) The velocity, temperature and concentration profiles are increased with a hike in 

thermophoretic parameter (Tm). 

2) Higher Brownian motion parameter (Br) increases the velocity and temperature profiles 

and slows down the concentration profile. 

3) Velocity decreases and temperature increases with a hike in variable viscosity (γ1). 

4) A rise in variable thermal conductivity (γ2) and heat source parameter (G) accelerates 

both velocity and temperature and suppresses the fluid concentration profiles. 

5) A larger value of inclination angle (β) reduces the velocity and increases the temperature 

profiles. 

6) The velocity and temperature fields increase with (Df). 

7) The velocity increases and temperature decreases with a rise in nonlinear thermal 

convection parameter (χ). Higher value of nonlinear Solutal convection parameter (ε) 

also gives rise to velocity. 

8) The concentration profile is enhanced with Soret (Sr) and the order of chemical reaction 

(n) and suppressed with a hike in chemical reaction parameter (γ). 
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Nomenclature 

Pr    Prandtl number 

Q    dimensional internal heat source 

DT     thermophoresis diffusion coefficient 

Dm    Brownian motion coefficient 

Kp     Porous medium permeability 

ρf     fluid density 

Ƙ       thermal conductivity 

τ      heat capacity of nanoparticle to the base fluid ratio 

( )fh x  heat transfer coefficient 

Λ0, Λ2   linear thermal, Solutal expansion coefficient respectively 

Λ1, Λ3   nonlinear thermal, Solutal expansion coefficient respectively 

u  , v fluid velocity in the ,x y  direction respectively 

g       acceleration due to gravity 

Br   Brownian motion parameter 

G   heat source parameter 

Cp     specific heat capacity 

Ra   Rayleigh number 

Le    Lewis number 

Df    Dufour parameter 

Sr    Soret parameter 

Tm   Thermophoresis parameter 

Da    Darcy number 

CS       absorption susceptibility 

ρp     nanofluid density 

T       fluid temperature  

DB    Brownian diffusion coefficient 

γ1, γ2   variable viscosity, thermal conductivity parameter 

μ       Viscosity constant coefficient 

k0      thermal diffusion ratio 

b*      Forchheimer’s coefficient 

χ, ε     nonlinear thermal, Solital convection parameter 

k        constant rate of chemical reaction 

S1      slip constant 
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 n      order of chemical reaction 

 γ       chemical reaction parameter 

 B0     constant magnetic field 

 σ0     constant electricity conductivity 

 α      Casson parameter 

 β      inclination angle 

σ       variable electric conductivity 

 S      slip parameter 

 H     magnetic field parameter 

Ec     Eckert number 

Nr     buoyancy ratio 

R       radiation parameter 

B      porosity parameter 

Bi      Biot number 
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